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Abstract: In Chen and Turunen (Commun Math Phys 374(3):1577-1643, 2020), we
have studied the Boltzmann random triangulation of the disk coupled to an Ising model
on its faces with Dobrushin boundary condition at its critical temperature. In this paper,
we investigate the phase transition of this model by extending our previous results to
arbitrary temperature: We compute the partition function of the model at all temperatures,
and derive several critical exponents associated with the infinite perimeter limit. We
show that the model has a local limit at any temperature, whose properties depend
drastically on the temperature. At high temperatures, the local limit is reminiscent of
the uniform infinite half-planar triangulation decorated with a subcritical percolation. At
low temperatures, the local limit develops a bottleneck of finite width due to the energy
cost of the main Ising interface between the two spin clusters imposed by the Dobrushin
boundary condition. This change can be summarized by a novel order parameter with
a nice geometric meaning. In addition to the phase transition, we also generalize our
construction of the local limit from the two-step asymptotic regime used in Chen and
Turunen (2020) to a more natural diagonal asymptotic regime. We obtain in this regime
a scaling limit related to the length of the main Ising interface, which coincides with
predictions from the continuum theory of quantum surfaces (a.k.a. Liouville quantum
gravity).

1. Introduction

The two-dimensional Ising model is one of the simplest statistical physics models to
exhibit a phase transition. We refer to [33] for a comprehensive introduction. The sys-
tematic study of the Ising model on random two-dimentional lattices dates back to the
pioneer works of Boulatov and Kazakov [14,29], where they discovered a third order
phase transition in the free energy density of the model, and computed the associated
critical exponents. In their work, the partition function of the model was computed in the
thermodynamic limit using matrix integral methods applied to the so-called two-matrix
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model, see [31] for a mathematical introduction. Since then, this approach has been pur-
sued and further generalized to treat other statistical physics models on random lattices,
see e.g. [23,25].

In this paper, we will follow a more combinatorial approach to the model originated
from a series of works by Tutte (see [38] and the references therein) on the enumeration
of various classes of embedded planar graphs known as planar maps, which is essentially
another name for the random lattices studied in physics. The approach of Tutte utilizes
a type of recursive decomposition satisfied by these classes of planar maps to derive a
functional equation that characterizes their generating function. This method was later
generalized by Bernardi and Bousquet-Mélou [12,13] to treat bicolored planar maps
with a weighting that is equivalent to the Ising model. Before that, Bousquet-Mélou
and Schaeffer already had studied the Ising model on planar maps using some general
bijection between bipartite maps and blossoming trees [15]. Another work of Bouttier,
Di Francesco and Guitter also studied Ising model on quadrangulations using bijections
between Eulerian maps and mobiles [16].

From a probabilistic point of view, the aforementioned recursive decomposition can
be seen as the operation of removing one edge from an (Ising-decorated) random planar
map with a boundary, and observing the resulting changes to the boundary condition. By
iterating this operation, one obtains a random process, called the peeling process, that
explores the random map one face at a time. Ideas of such exploration processes have
their roots in the physics literature [39], and were revisited and popularized by Angel in
[8]. The peeling process proves to be a valuable tool for understanding the geometry of
random planar maps without Ising model, see [21] for a review of recent developments.

In our previous article [20], we extended some enumeration results of Bernardi and
Bousquet-Mélou [12] to study the Ising-decorated random triangulations with Dobrushin
boundary condition at its critical temperature. We used the peeling process to construct
the local limit of the model, and to obtain several scaling limit results concerning the
lengths of some Ising interfaces. In this paper, we extend similar results to the model
at any temperature, and show how the large scale geometry of Ising-decorated random
triangulations changes qualitatively at the critical temperature. In particular, our results
confirm the physical intuition that, at large scale, Ising-decorated random maps at non-
critical temperatures behave like non-decorated random maps.

A similar model of Ising-decorated triangulations (more precisely, a model dual to
ours) has been studied in a recent work of Albenque, Ménard and Schaeffer [2]. They
followed an approach reminiscent of Angel and Schramm in [10] to show that the model
has a local limit at any temperature, and obtained several properties of the limit such as
one-endedness and recurrence for a range of temperatures. However, they studied the
model without boundary, and hence did not encounter the geometric consequences of
the phase transition in terms of the infinite Ising interface. In the recent preprint [1], the
first two of the aforementioned authors proved several exact results on the perimeter and
volume of the spin clusters, demonstrating the phase transition through several critical
exponents and geometric behaviors of the cluster in different phases. The model with
spins on the vertices can also be studied with a boundary, and the methods introduced
in [20] and this article were recently applied to that model in [37] by the second author
of this work.

We start by recalling some essential definitions from [20].

Planar maps. Recall that a (finite) planar map is a proper embedding of a finite con-
nected graph into the sphere S?, viewed up to orientation-preserving homeomorphisms
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Fig. 1. a A triangulation t of the 7-gon with 19 internal faces. The boundary will no longer be simple if

one attaches to t the map inside the bubble to its left. b an Ising-triangulation of the (3, 4)-gon with 18
monochromatic edges (dashed lines)

root corner

of S?. Loops and multiple edges are allowed in the graph. A rooted map is amap equipped
with a distinguished corner, called the root corner.

All maps in this paper are assumed to be planar and rooted.

In a (rooted planar) map m, the vertex incident to the root corner is called the root vertex
and denoted by p. The face incident to the root corner is called the external face, and all
other faces are internal faces. We denote by F'(m) the set of internal faces of m.

A mapis atriangulation of the £-gon (£ > 1) if its internal faces all have degree three,
and the boundary of its external face is a simple closed path (i.e. it visits each vertex
at most once) of length ¢. The number ¢ is called the perimeter of the triangulation.
Figure la gives an example of a triangulation of the 7-gon.

Ising-triangulations with Dobrushin boundary conditions. We consider the Ising model
with spins on the internal faces of a triangulation of a polygon. A triangulation together
with an Ising spin configuration on it is written as a pair (t, o), where o € {+, -},
Observe that o can also be viewed as a coloring, and by combinatorial convention, we
sometimes refer to it as such. An edge e of t is said to be monochromatic if the spins
on both sides of e are the same. When e is a boundary edge, this definition requires a
boundary condition which specifies a spin outside each boundary edge. By an abuse of
notation, we consider the information about the boundary condition to be contained in
the coloring o, and denote by m (t, o) the number of monochromatic edges in (t, o).

In this work we consider the Dobrushin boundary conditions under which the spins
outside the boundary edges are given by a sequence of the form +” -7 (p +’s followed by
q -’s, where p, g > 0 are integers and p+¢g > 1 is the perimeter of the triangulation) in
the clockwise order from the root edge. We call a pair (t, o) with this boundary condition
an Ising-triangulation of the (p, q)-gon, or a bicolored triangulation of the (p, q)-gon.
Figure 1b gives an example in the case p = 3 and g = 4. We denote by BT ,, , the set
of all Ising-triangulations of the (p, g)-gon. For v > 0, let

Zp,q(ta U) — Z vm(tso)t‘F(t)l
(t,0)€BT p 4

When z, 4(t, v) < 00, we can define a probability distribution ]P’;;,Vq on BT p 4 by

y (O] ym(to)
P (o) = — 2
P Zp,q(ts V)
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forall (t,0) € BT , 4. A random variable of law }P’lp’,”q will be called a Boltzmann Ising-

triangulation of the (p, q)-gon. We collect the partition functions (z 4 (¢, v)) p 4>0 into
the following generating series:

o0
Zy(u,t,v) = Zzp,q(t, v)u?
p=0

o0
and Z(u,v,t,v) = Z Zpqt, VuPr? = Z Zy(u, t,v)v9,
P,4=0 q=0

where by convention zp 0 = 1.

Fartition functions and the phase diagram. The condition z, 4(¢,v) < oo does not
depend on (p, g): For any pairs (p, ¢), (p’, q’) # (0, 0), one can construct an annulus
of triangles which, when glued around any bicolored triangulation of the (p, ¢)-gon,
gives a bicolored triangulation of the (p’, ¢")-gon. Thus z, 4(,v) < C - g (£, V),
where C is the weight of the annulus. It has been shown in [12, Sect. 12.2] that for all
v > 1, the series ¢t — zj (¢, v) converges at its radius of convergence #.(v). Then the
above argument implies that 7.(v) is the radius of convergence of t — z, 4(¢, v) and
we have z), ;(t:(v), v) < oo, for all (p, g) # (0,0) and v > 1. In this paper we always
restrict ourselves to the case v > 1. (This is called the ferromagnetic case since in this
case the weight v™(49) favors neighboring spins to have the same sign.)

We shall call 7. (v) the critical line of the Boltzmann Ising-triangulation. It separates
the inadmissible region ¢ > f.(v), where the probabilistic model is not well-defined,
from the subcritical region < t.(v), where the probability for a Boltzmann Ising-
triangulation to have size n decays exponentially with n. (Here the size of an Ising-
triangulation is defined as its number of internal faces.) It has also been shown in [12]
that the function 7. (v) is analytic everywhere on (1, oo) except at v, = 1 + 24/7. This
further divides the critical line into three phases: the high temperature phase 1 < v < v,
the critical temperature v = v., and the low temperature phase v > v, (Fig. 2).

In our previous paper [20], we studied the model at the critical point (v,f) =
(Ve, te(ve)). Results in [20] include an explicit parametrization of Z(u, v, t.(v.), v¢),
the asymptotics of z, 4 (t-(vc), v.) when ¢ — o0 and then p — o0, a scaling limit
result closely related to the main interface length, and the local limit of the whole trian-
gulation in that asymptotic regime. In this paper, we will extend this study to the critical
line t = ¢.(v) in order to shed more light on the nature of the phase transition at v = v,.
For this reason we will write throughout this paper

Zp.g (V) = Z2pg(tc(v), V), Zg(u,v) = Zg(u, t.(v), v)
and Zu,v,v) =Z(u,v,t.(v),v).

In [20], we have characterized Z(u, v, ¢, v) as the solution of a functional equation,
and solved it in the case of (v, 1) = (v, t.(v)). In this paper we solve the equation for
general (v, t) and give the solution in terms of a multivariate rational parametrization:

Theorem 1 (Rational parametrization of Z(u, v, t, v)). Forv > 1, Z(u, v, t, v) satisfies
the parametric equation

2=T(S,v), t-u=UMH,S,v), t-v=UK,S,v)
and Z(u,v,t,v) = Z(H,K,S,v), (1)
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Fig. 2. Phase diagram of the Boltzmann Ising-triangulation for v > 1. The critical line - (v) is divided by

ve = 1 +24/7 into the high temperature, low temperature and critical temperature phases. Although hardly
visible in the graph, the third derivative of 7+ (v) has a discontinuity at v = v,

where T, U and Z are rational functions whose explicit expressions are given in Lemma 9

and in [32].

To specialize the above rational parametrization of Z(u, v, t, v) to the critical line
t = t.(v), one needs to replace the parameter S by its value S.(v) that parametrizes
t = t.(v). It turns out that the function S.(v) itself has rational parametrizations on
(1, ve) and (v, 00), respectively. More precisely, S.(v) satisfies a parametric equation
of the form

v="v(R) and S.(v)=S(R),

where V(R) and S’(R) are piecewise rational functions on the intervals (R, R.] and
[R¢, 00), where the values Ri, R., Ry correspond to v = 1, v., 00 in the sense that
V(Ry) = 1, V(R:) = v, and V(Ry) = o0. The expressions of V(R), S(R) and of
R1, R., R are given in Sect. 2.3. By making the substitution v = V(R) and S = S‘(R)
in (1), we obtain a piecewise rational parametrization of #.(v) and Z (u, v, v) of the form

t.?2 =T(R), t:0)-u=UHR), t(v)-v=UK,R),
and  Z(u,v,v) = Z(H, K, R).

See Sect. 2.3 for more details.

In [20], we computed the asymptotics of z,, ,(, v) when (v, 1) = (v, t-(v.)) in the
limit where p — oo after ¢ — oo. The following theorem extends this result to the
whole critical line t = 7.(v), and also to the limit where p, g — oo at comparable
speeds. These results are obtained by a close examination of the singular expansion
of the multivariate generating function Z(u, v, t.(v), v) (in particular, by proving that
(u,v) — Z(u, v, t.(v), v) is analytic in a product of two A-domains), see Sects. 3-5.
Similar methods have been applied to more complicated generating functions and made
partly systematic in two recent works [18, 19] of the first author.
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Theorem 2 (Asymptotics of z, 4 (v)). For any fixed v > 1 and 0 < Apin < Amax < 00,
we have

ap (v
uc(W)? - zp 4 (v) = —F(p—(a())) g @* 40 (q_(“°+1+3))

as ¢ — oo for each fixed p > 0,

b(v) —(ar+l — (a1 +1+8)
uc (WP ap(v) = p <°“+>+o(p @ )
[(—ar)
as p — 0o,

b(v) -
uc(\;)Pﬂl . Zp’q(p) = % . p*(a2+2) +0 (pf(oz2+2+5))

as p,q — oowhile q/p € [Amin, Amax],

where the exponents «;, 6 and the scaling function c(\) only depend on the phase of the
model, and are given by

o7 o] o 1)
V> v, 3/2 1 3/2| 3 1/2
V=1, 4/3 | 1/3 | 5/3 | 1/3

ve(l,v) | 3/2| —=11]1/2]|1)2

A2 when v > v,
)= {3 [XA+rTRP0+r)Rdr when v = v,
(L+21)72/2 when v € (1, v.).

Onthe other hand, u.(v), ap(v) (for p > 0) and b(v) are analytic functions of v on (1, v¢)
and (v¢, 00), respectively. And u.(v) is continuous at v = v.. An explicit parametrization
of u.(v) is given in Sect. 2.4. Parametrizations of b(v) and of the generating function
Au,v) = Zp a,(v)u? are explained in Sect. 4 and given in [32].

Remark 3. The exponents «; and the scaling function c() satisfy a number of consis-
tency relations.

First, one can exchange the roles of p and ¢ in the last asymptotics of Theorem 2.
Since we have z,,, = z,4,, for all p, g, this implies that c(A)A%2*> = ¢(A~!) or, in a
more symmetric form, c(A)A(@2+2/2 = (AL~ (@2+2)/2,

By replacing the factor a;, (v) in the first asymptotics of Theorem 2 with the dominant
term in the second asymptotics, we obtain heuristically that

b(v) - (q/p)~ @D L — (ot +2)
I'(—ap)T'(—ay)

ucWP* .z, 4 (v) ~ when p,g — ooand g > p.

This suggests that ag + 1 = a and ¢(A) ~ A~ @*D when A — oo. One can verify that

both relations are indeed satisfied by «; and c(A) in all three phases. Notice that thanks

to the equation c(MA22*2 = (A7), the asymptotics c(A) N ~ x~@*D is equivalent
—00

toc(h) ~ A~(tD),
( )A—>0
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Infinite Ising-triangulations and local limits. Infinite bicolored triangulations are de-
fined as the local limits of finite bicolored triangulations. Formally, the local distance
between two bicolored triangulations (t, o) and (t', o) is defined by

dioc((t,0), (,0") =27 where R =sup {r=0:1tol =[t. 0]}

and [t, o], denotes the ball of radius r around the origin in (t, ') which takes into account
the colors of the faces. The set BJ of (finite) bicolored triangulations of a polygon is
a metric space under d1,.. We denote its Cauchy completion by BT and define the set
of infinite bicolored triangulations as BT \ BT . We recall from graph theory that an
infinite graph is k-ended if the complement of any finite subgraph has at most k infinite
connected components [11, 14.2], and the same notion naturally extends to maps by
considering their underlying graphs. We denote by BT fj} the set of one-ended (infinite)
bicolored triangulations with an external face of infinite degree. The elements of BT go)
are called bicolored triangulations of the half plane, since they have a proper embedding
without accumulation points in the upper half plane such that the boundary coincides
with the real axis. Moreover, let BT f,? be the set of two-ended bicolored triangulations
with an external face of infinite degree.

Theorem 4 (Local limits of Ising-triangulations). For every v > 1, there exist proba-
bility distributions P}, and P, such that

P Py Py, 2

P4 g—o0 P p—oo

locally in distribution. Moreover, IE”; is supported on BT &) forallv > 1, whereas P}

is supported on BT élo) when 1 < v < v. and on BT g?
any0 < ) <1 <X < oo, when % e [A, A], we have

when v > v.. In addition, for

v v
Py 55w Ph 3)

locally in distribution.

This theorem generalizes our previous result [20, Theorem 4], which contained only
the convergence (2) at v = v,. It also partially confirms a conjecture in [20], which states
that P;ﬁq — P locally in distribution whenever p, g — oc.

Peeling process and perimeter processes. Recall that we consider bicolored triangula-
tions (t, o) with a Dobrushin boundary condition. We denote by p the root vertex of
(t,0), and by p' the other boundary vertex where the boundary condition changes sign.

An interface in (t, o) is a path on t formed by non-monochromatic edges. Due to
the Dobrushin boundary condition, the vertices p and p' are always connected by an
interface. However, because the spins are on the faces of the triangulation, this interface
is in general not unique. Similarly to [20], we will consider peeling processes that explore
one such interface at a time. More precisely, when v > v, we will consider the peeling
process that explores the left-most interface J from p to p'. (This is the same choice
as in [20]). When I < v < v, we will apply explorations along other interfaces, see
Sect. 7.4 for details. In all of the cases, the exploration reveals one triangle adjacent to
the interface at each step, and swallows a finite number of other triangles if the revealed
triangle separates the unexplored part into two pieces.
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Formally, we define the peeling process as an increasing sequence of explored maps
(en)n=0- The precise definition of ¢, will be left to Sect. 6.1. The peeling process is
also encoded by a sequence of peeling events (S,),>1 taking values in a countable set
of symbols, where S, indicates the position of the triangle revealed at time n relative
to the explored map e,_1. Again, the detailed definition is left to Sect. 6.1. The law of
the sequence (S;),>1 can be written down fairly easily and one can perform explicit
computations with it. We denote by P}, ).g the law of the sequence (S, )n>1 under Py

Let (P,, O,) be the boundary condition of the unexplored map at time n and (X, Y )
its variation, that is, X,, = P, — Py and Y, = Q,, — Q. This definition makes sense
when the initial condition (Py, Qg) = (p, ¢q) is finite. When (p, ¢) is not finite, we need
to define (X,,, Y,,) differently: we will show that (X, Y;,) is a deterministic function of
the peeling events (Sk)1<k<n, whose law has a well-defined limit when p, g — oo. This
allows us to define the law of the process (X, ¥;,)y>0 under Py, := limp 4 00 P;’q.

We will see that (X,,, Y,)n>0 is a random walk on 72 under P;.. It was proven in [20]
for the corresponding expectations of the increments that

1
EL(X))=E, (Y))=pu:=—=>0 when v=ny,, ()
o0 1 o0 1 l’L 4ﬁ C

which implies that almost surely, the interface hits the boundary of the half-plane a
finite number of times, and then escapes towards infinity. When viewed as a function of
the temperature v, the drift of the random walk (X,,, ¥,),>0 actually defines an order
parameter:

Proposition 5 (Order parameter). Let O(v) := E3 (X1 + Y1) 1 |x,|v|v)|<00). Then

_ 0, if 1<v<v
@(")‘{fw) i vz

where f : [v., 00) — R is a continuous, strictly increasing function such that f(v.) =
2p > 0 and lim, 7o f(v) < 00 exists. Moreover, for 1 < v < v, we have the drift
condition E} (X1) = —E (Y1) > 0.

Notice that there is an asymmetry between the two components of the drift of the
random walk (X, Y,,),>0 under EZ . This is a consequence of the following asymmetry
in the definition of the perimeter process: In Sect. 6.1, we define a peeling process that
explores the left-most interface J from the vertex p. The perimeter process (Pn, Qn)n>0
and its variation (X, Y,)n>0 are defined relative to this peeling process. Therefore it is
not surprising that the two components of (X,, Y,),>0 have different drifts under E?.

The function © defines an order parameter for two reasons: First, its behavior fits
formally the definition of an order parameter in physics, namely: the value of O(v) is
zero on one side of the critical temperature, and positive on the other side. (A classical
example of such an order parameter is the magnetization of the Ising model on regular
lattices.) More importantly, the positivity of ©(v) really distinguishes the ordered phase
v > v, from the disordered phase v < v, via the behavior of the interface J in the local
limit. We will explain this in the next paragraph.

Interface geometry. Recall that for a finite bicolored triangulation (t, o) with a Do-
brushin boundary condition, J is defined as the left-most interface from p to p' imposed
by the boundary condition. In the limit p, ¢ — 00, the interface ¢ becomes a (possibly
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infinite) path on the infinite triangulation of distribution P} . Many geometric proper-
ties of  — especially its visits to the boundary of the triangulation — are encoded by
the random walk (X,,, Y,),>0 of law E¥ . The next proposition summarizes some al-
most sure properties of the interface g which follow from Proposition 5. The geometric
pictures behind these properties are discussed after the proposition.

Proposition 6 (Geometry of the interface ¢). In the local limit P}, the left-most interface
3 has the following properties almost surely

e When v € (1,v.): 3 is infinite and touches the boundary of the triangulation
infinitely many times.

e When v = v.: 4 is infinite, but touches the boundary of the triangulation only
finitely many times.

e Whenv € (v, 00): 4 is finite.

When v € (1, v), due to the fact that EY_(X|) = —E. (Y1) > 0, the peeling process
starting from the —edge on the left of p drlfts to the left. This exploration also follows
the left-most interface starting from p, which stays near the infinite -boundary segment
hitting it almost surely infinitely many times. Similarly, the right-most interface starting
from p and explored via a peeling exploration starting from the edge on the right of p
drifts to the right following the + boundary. Since E¥_(X) + E} (Y1) = O, these two
interfaces have the same geometry up to reflection. Usmg this property, we will construct
a peeling algorithm under which the peeling process explores the half-plane in layers,
with a starting point alternating between - and + edges. The new peeling exploration
obtained in this way reveals that the local limit constructed via this peeling process has a
percolation-like interface geometry. On the contrary, if v € [v., 00), the peeling process
explores an interface which drifts towards the infinity p' after hitting the boundary only
finitely many times. The fact that this drift is increasing in v means that the lower the
temperature is, the less the interface hits the boundary and the faster the interface tends
to the infinity. In fact, it is also shown thatif v € (v, 00), the peeling process approaches
a neighborhood of p in a finite time almost surely.

One should compare the statement of Proposition 6 to the geometry of the percolation
interface on the UTHPT (see [7-9]). In that case, the interface hits the boundary infinitely
many times almost surely. As Proposition 6 suggests, in the high temperature phase
(1 < v < v.), the Ising model in the local limit looks like a subcritical face percolation,
whereas in the low temperature phase (v > v.), the local limit contains almost surely
a bottleneck separating the + and - regions. In the latter case, the local limit is not
almost surely one-ended, contrary to the usual case of local limits of random planar
maps. This property reflects that our model in the low temperature phase is really a
quantum gravity version of the Ising model on 2D regular lattices in the ferromagnetic
low temperature phase: the energy minimizing property forces the bottleneck due to
the coupling of matter with gravity. Both the high and the low temperature cases are
predicted in physics literature, though not extensively studied (see [4,29]). More about
the geometric interpretations is found in Sect. 6.3.

Now we consider again the law of a finite Boltzmann Ising triangulation IP’“ and
study how the interface length scales together with the perimeter of the disk as p, q —> 00
simultaneously. Let 7;,, := inf{n > 0 : min{P,, Q,} < m}, which can be seen as the
first jump time of the interface to a neighborhood of the infinity. By its definition, 7, is
also the first hitting time of the stochastic process (min{P,, Q,}),~¢ to [0, m], which is
a stopping time with respect to the filtration generated by (P, Qn_)nz() or (X, Yn)n>0.
In the most interesting regime v = v., we find an explicit scaling limit of 7,,, under
diagonal rescaling of p, g:
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Theorem 7 (Scaling limit of T;;,). Let v = v, and consider the limit where p, g — 00
and q/p — X for some A € (0, 00). Forallm € N and allt > 0, the jump time T,, has
the following scaling limit:

1 o 7
c -7/3 =7/3
Py, (Tu/p >1) Ao o /;u (T+s)""7P(A+s)""7ds 5)

where C(A) = fooo(l +8)7 B +5)"73ds. In particular, when % = 1, we have

Py Tn/p > 1) ——— (14 un™!17
An analogous result without the diagonal rescaling (via an intermediate local limit)
was obtained in [20, Proposition 11]. As explained in [20, Sect. 6], T}, is, in some sense,
an approximation of the interface length of a finite Boltzmann Ising-triangulation, though
some technical difficulties remain to show that its scaling limit gives the scaling limit of
the interface length. Hence, we state a conjecture:

Conjecture 8 (Scaling limit of the interface length). Let n be the length of the left-most
interface in (t, o). Then

o]

1 q
P,,(n/p>1) —> —/ A+ +s)"ds  while - — A,
P pa—o0 CO) JuyE P

where E is the expected number of interface edges swallowed in a single peeling step.

The idea behind the above conjecture is explained in [20, Sect. 6] in a similar setting.
The main obstacle of the proof for the conjecture is that we lack information of E with
our current approach. One could find an asymptotic estimate for the volume of a finite
Boltzmann Ising-triangulation, which gives an upper bound for the length of a piece of
interface swallowed by a peeling step, but it turns out not to be sufficient. However, an
analog of the conjecture could be proven for the model with spins on vertices, or with
spins on faces and a general boundary. The former is conducted in the preprint [37]. The
conjecture is also supported by a prediction derived from the Liouville Quantum Gravity,
seen as a continuum model of quantum surfaces studied eg. in [22], which also inspired
us to find the correct constant in the scaling limit of Theorem 7. More discussion about
this is given in Sect. 8.1.

To understand the phase transition at the critical point in greater detail, one should
also consider the so-called near-critical regime. In our context, this means that we let
v — v, simultaneously with the perimeters tending to infinity. Intuitively, one expects
that if v — v, fast enough compared to the growth of the perimeters, observables of
the model will have the same limit as when v = v.. On the contrary, if the convergence
v — v, is slow, the observables should have limits similar to those obtained at off-critical
temperatures. An interesting question is to determine whether there is a critical window
between the critical and the off-critical regimes, where the limits exhibits a qualitatively
different behavior. These problems are considered in a work in progress.

Outline. The paper is composed of two parts, which can be read independently of each
other.

The first part, which spans Sects. 2—5, deals with the enumeration of Ising-decorated
triangulations. We start by deriving explicit rational parametrizations of the generating
function Z (u, v, t, v) and its specialization Z(u, v, v) = Z(u, v, t.(v), v) on the critical
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line (Sect. 2). Using these rational parametrizations, we show that for each v > 1,
the bivariate generating function Z(u, v, v) has a unique dominant singularity and an
analytic continuation on the product of two A-domains (Sect. 3). We then compute the
asymptotic expansion of Z(u, v, v) at its unique dominant singularity (Sect. 4). Finally,
we prove the coefficient asymptotics in Theorem 2 using a generalization of the classical
transfer theorem based on double Cauchy integrals (Sect. 5).

The second part, which comprises Sects. 6-8 and Appendix A, tackles the proba-
bilistic analysis of the Ising-triangulations at any fixed temperature v € (1, 00). It uses
the combinatorial results of the first part as an input, and leads to the proofs of Theo-
rems 4 and 7. First, we introduce the different versions of the peeling process adapted
to the three phases (high/low/critical temperature) and the two limit regimes examined
in Theorem 4. Then, we study the associated perimeter processes, whose drifts in the
limit p, g — oo define the order parameter introduced in Proposition 5 (Sect. 6). After
that, we provide a general framework for constructing local limits, which we then use
to prove the local convergence of Theorem 4 when v # v, (Sect. 7). Finally, we prove
Theorem 7 and complete the proof of Theorem 4 by extending the above convergence
result to the regime where v = v, and p, ¢ — oo simultaneously (Sect. 8). A central tool
in the proofs in this last section is an adaptation of the one-jump lemma for the perimeter
process in the diagonal regime, whose proof we present separately in Appendix A as an
adaptation of [20, Appendix B].

2. Rational Parametrizations of the Generating Functions

The functional equations satisfied by the generating functions Zy(u, ¢, v) and Z(u, v, t, v)
were derived in our previous work [20]. The result were written in the form of

Eo(Zo(u), u, t,v,21,0,230) =0
and  Z(u,v,1,v) = 8(Zo(w), Zo(v), u,v,1,v,21,0,23,0) (6)

where &y and & are explicit rational functions with coefficients in Q. Let us briefly
summarize their derivation:

1. We start by expressing the fact that the probabilities of all peeling steps sum to
one. This gives two equations (called loop equations or Tutte’s equations) with two
catalytic variables for Z(u, v, t, v). These equations are linear in Z(u, v, t, v).

2. By extracting the coefficients of [v9] and of [v!] from these two equations, we obtain
four algebraic equations relating the variable u to the series Z,(u, t,v) for p =
0, 1, 2, 3, whose coefficients are polynomials in ¢, v and z; o(¢, v), z3,0(¢, v). These
equations are linear in the three variable Z, Z, and Z3. After eliminating these
variables, we obtain the first equation of (6). This procedure is essentially equivalent
to the method used in [24, Chapter 8] to solve Ising model on more general maps.

3. Using the four algebraic equations found in Step 2, one can also express Z;(u, t, v)
as a rational function of Zo(u, ¢, v), u, t, v and z1 o(¢, v), z3,0(¢, v). Then, plug this
relation into one of the two loop equations, and we obtain the second equation of (6).

In this section, we first solve the equation for Zy(u, ¢, v) with the help of known
rational parametrizations of z1 (¢, v) and z3 o(¢, v). Then, the solution is propagated to
Z(u, v, t, v) using its rational expression in Zy(u, t, v) and its coefficients. Finally, we
specialize the parametrization of Z(u, v, t, v) to the critical line = f.(v) by replacing
two parameters (S, v) with a single parameter R.
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2.1. Rational parametrization of Zo(u, t, v).

Lemma 9. Zy(u, t, v) has the following rational parametrization:

12 =1T(S,v)
(S—v)(S+v—2)4S3 —S2—25+v2—2v)
= 232 ™)
32(1 —v2)38
tu = 0(H, S, v)
20483 — 82 —28+v2 —2v) —4(S+1)S%H +4S5*H? — SH3
= H - (8)
16(1 — v2)2S
Zo(u,t,v) = Zo(H, S, )
UH,S,v) (S—v)(S+v—2)+2(S—v)SH —2S5?H? + SH? ©

7(S,v) 4(1 —v2)SH

Proof. The following rational parametrizations of z1 o (¢, v) and z3 o (¢, v) were obtained
in [20] by translating a related result from [12]: 2 = T(S,v)and

. W —82*(S+v—2)
P = Eo(Sv) = 64(12 — 1)*52

(v—=281(S+v—2)°
222(112 _ ])1258
-(1608' — 1285 — 16(2v — 4v +3)S$8
+ 32202 —4v +3)S7 — 7(16v% — 320 +27) 8% — 2(32v% — 64y + 57)S°
+ (32v* — 12803 + 18317 — 110V +20)S* — 4(7Tv? — 140 — 2) S
+ vV —2)(9v? — 18V — 207 + 142 (v — 2’5 — 3 (v —2)*).  (11)

t (38> —vS2 —vS+v2 —2v), (10)

17 230(t,v) = 230(S,v) =

Substituting u by U/¢, and then ¢, z1 0, 23,0 by their respective parametrizations in the
first equation of (6), we obtain an algebraic equation of the form éo(Z(), U,S,v) =0.
It is straightforward to check that (8)—(9) cancel the equation, that is, (C;’O(ZO(H , S, v),
U(H, S,v), S, v) =0forall H, S and v. See [32] for the explicit computation.

On the other hand, we know that (6) uniquely determines the formal power series
Zo(u), see [20, Sect. 3.1]. When H — 0, Egs. (8)—(9) clearly parametrize an analytic
function Zo(u#) near u = 0. Therefore they are indeed a rational parametrization of
Zo(u,t,v). a

Remark 10. The proof of Lemma 9 followed a guess-and-check approach. To actu-
ally derive the parametrization (8)—(9), we first check that the plane curve defined by
éo(Zo, U, S,v) = 0 has zero genus using the command algcurves [genus] of
Maple, so it does have a rational parametrization with coefficients in Q(S, v). Theoret-
ically, one should be able to produce one such parametrization using the Maple com-
mand algcurves [parametrization]. However, the execution takes too much
time, presumably due to the presence of two indeterminates (S, v) in the coefficient ring.
Instead, we followed the steps below to find (8)—(9):

1. Choose a finite set of values 11 € QN (1, oo) for v. In practice we used the integers
n=1{2,3,...,10}.
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2. For each v, € M, apply algcurves [parametrization] to the algebraic
curve &y(Zo, U, S,v,) = 0. Let UV*(H, S) and Zo,v*(H, S) denote the rational
functions over the ring Q(S) returned by the command.

If U, (H,S) = U(H, S, vy) and Zo ,, (H, S) = Zo(H, S, v,) for all v, € 11, where U
and Z are two trivariate rational functions, then we can apply interpolation techniques
to recover the expressions of U and Z for general values of v. However, since the
rational parametrization of a (genus zero) algebraic equation is not unique, the func-
tions (U,,, Zo, Jv,en are in general not the specializations of the same functions
(Ij , Zo) at different values of v,. In order to recover the specializations U (H, S, vy and
ZO(H , S, v,) from them, we need to “preprocess” the pairs (l_],,*, Zo,u*) as in the two
following steps.

3. Maple guarantees that (l_]v*, ZO,U*) is a proper rational parametrization of the curve
éo(ZO, U, S, vi) = 0. We know that all proper rational parametrizations of the same
curve are related to each other by Mobius transformations [36, Lemma 4.17]. There-
fore, there exists a family of M&bius transformations msg, ,, indexed by the formal
variable S and the numerical values v, € 71, such that

Uy, (ms,(H),S) =U(H,S,v,) and  Zoy, (ms., (H), S) = Zo(H, S, vs)
(12)

for some trivariate rational functions U and Zy. To find such a family of Mobius
transformations, we make the following observations (see [32] for explicit verifica-
tion):

(i) For all v, € M, there exists a rational function HU*(S) € Q(S) such that H =

I-_IU*(S) is the unique pole of both H +— l_]v*(H, S)and H +— ZO)U*(H, S).

(i1) The algebraic curve éo(Zo, U, S, v) = 0 has a unique analytic branch at the point

(W, Zo) = (0. 1). ] )

Andforallv, € "l,wehave U(H, S, v,) — Oand Zo(H, S, v,) —> las H — oo.
These two observations suggest that we choose Mobius transformations which map
00 to F_Iv* (S), and map 0 to oo. (See below for the consequences of this choice.) Such
Mobius transformations are of the form

ms.v,(H) = H,, (S) — Ay, (S)/H

where A, (S) # 0 is an arbitrary scaling factor to be chosen later.

4. Plugging the above Mobius transformation into (12) gives our candidates for
U (H, S, vy) and ZO(H S, vy). Our choice of m g ,, ensures that these two functions
are polynomial in H (i.e. their only poleis at co) and that (U O, S, vy), ZO (O S,vy)) =
(0, 1). We compute in [32] the explicit expressions of U(H S, vy) and ZO(H S, Vy)
and check that they are polynomials of degrees 4 and 6 respectively in the variable
H/A = H/A,,(S).

Now we ask Maple to display U (H, S, vy)asapolynomialin H/A, and look for common

factors among its coefficients (which are elements of (Q(S)). With some trial-and-error,

we find that the choice

LH/NNUH, S, v)
[(H/A)3U(H, S, vy)

Au* (S) = -
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cancels all those common factors. This choice is also equivalent to the condition that
[H3U(H.S.v) _
(HYUH.Sw) 7
is chosen so that (U, Zy), the rational parametrization that we get after interpolation in
v, will specialize to the rational parametrization given in our previous article [20] when
(U7 t) = (vCa tC)' N R

. The above choice of A,, (S) gives us the expressions of U (H, S, vi) and Zo(H, S, vs)
for all v, € 7. Then, we apply the Maple routine CurveFitting[Rational
Interpolation] to find a pair (0, 20) € Q(H, S, v)? that interpolates between
these values of v,. This gives the expressions (8)—(9).
One can run the above procedure with a larger set 71, and check that the result does not
change.

—8S. The prefactor 8 is not chosen for simplification reasons. Rather, it

2.2. Rational parametrization of Z(u, v, t,v). We plug the parametrizations (7)—(11)
into the second equation of (6) to obtain a rational parametrization of Z(u, v, ¢, v) of
the form

2=T7(S,v) tu=UH,S,v) tv=UK,S,v)
and  Z(u,v,t,v) = Z(H,K,S,v),

where the rational functions 7" and U are defined in Lemma 9, and the expression of Z
is given in [32].

2.3. Specialization of Z(u, v, t, v) to the critical line t = t.(v).

Rational parametrization of the critical line. Recall that 7.(v) is defined as the radius
of convergence of the series z1 o( -, v). The series have nonnegative coefficients, and

have a real rational parametrization of the form 2= f"(S, v) and 13 - 21,0 = 21,0(S, v)
given by (7) and (10). As explained in [20, Appendix B], the value S = S.(v) that
parametrizes the point t = #.(v) is either a zero of 8Sf"( -, v) or apole of Zj o(-, v).
More precise calculation (see [32]) using the method of [20, Appendix B] shows that
Sc(v) is the largest zero of 85f"( -,v) below § = v (which parametrizes t = 0). The
equation asf(s , V) = 0 factorizes, and S, (v) satisfies

283382 V2 +20=0 ifved, v, (13)
382 -2 4+20=0 ifv € [v, 00), (14)

where v, = 1 +2+/7. It is not hard to check that S.(v) has the following piecewise
rational parametrization:

1 3
5 Lo —-3rR+RY
V= U(R) = {2 27
13+2R—2R?
(R —1) for R € (R1, R.]

and  S.(v) = S(R) = - (15)
‘ {—13331’5_%22 for R € [Re. Rec)
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where R; = +/3, Re = V7, Ryo = # correspond respectively to the coupling

constants v = 1, v = v, and v = oo. Plugging (15) into 7(S, v) gives the following
piecewise rational parametrization of #.(v):

3R? -1
2R3(4 — 3R + R3)3
(1+R)2(13+2R —2R%)3(19 — 10R — 2R?)

128(R — 5)(4 + R)3(7 — R + R2)3

for R € (R1, R.]

t:(1)? =T(R) :=

for R € [R., Rxo)

Rational parametrization of Z(u,v,t,v) on the critical line. Define U (H,R)
U(H,S(R),V(R)) and Z(H,K,R) = Z(H, K, S(R),V(R)). Then Z(u,v,v) = Z
(u, v, t.(v), v) has the piecewise rational parametrization:

t.(v)-u=U(H,R) t(v)-v=U(K,R) and Z(u,v,v)=Z(H,K,R),
where

3—10R2+3RY»+(1 — RHH —2(1 — R®HH? — H?
R2(3—R%)* (4—3R+R%)’
(13+2R —2R%)2H
256(5 — R)2(4+ R)2(7 — R + R?)?

UH, R) := 8(1+R)(5 — R) (19— 10R — 2R* — 3(1 — 2R)H) (16)

H for R € (Ry, R.]

+12(1 = 2R) <13+2R - 2R2> H?

+(13+2R — 2R?)’ H3> for R € [Re, Roo)

whereas Z (H, K, R), too long to be written down here, is given in [32]. Since we look
for the asymptotics of z,, ,(v) when p,q — oo with fixed values of v, we will be

interested in the singularity behavior of U (H, R) and VA (H, K, R) at fixed values of R.
For this reason we introduce the shorthand notations

Ugr(H) :=U(H,R) and Zgr(H,K):=Z(H,K,R).

2.4. Domain of convergence of Z(u,v,v) and its parametrization. Definition and
parametrization of u.(v). For all R € (R, Rx), let H.(R) be the smallest positive
zero of the derivative Uj. Using the expression (16), it is not hard to find that

RI-3

2
S+4R — R — /35— R)(1+R) (R —7)

13+2R —2R?

for R € (Ry, R.]

H.(R) := (17)

for R € [R., Rxo)

For v > 1, let u.(v) be the function parametrized by v = V(R) and 7.(v) - uc(v) =
Ugr(H.(R)), where R € (R, Rx).

Lemma 11. For all v > 1, the double power series (u, v) — Z(u, v, v) is absolutely
convergent if and only if lu| < u.(v) and |v| < uc(v).
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Proof. First, we notice that the proof can be reduced to the problem of estimating
the radii of convergence of two univariate power series: it suffices to show that the
series u — Z(u,0,v) = Z(0,u,v) is divergent when |u| > u.(v), and the series
u — Z(u,u,v) is convergent at u = u.(v). Indeed, since the double power series
Z(u, v, v) has nonnegative coefficients, the divergence condition implies that Z (u, v, v)
is divergent when |u| > u.(v) or |[v| > u.(v), and the convergence condition implies
that Z(u, v, v) is absolutely convergent for all || < u.(v) and |v| < u.(v).

The univariate series u — Z(u, 0, v) has nonnegative coefficients and the following
rational parametrization:

t(v)-u=Ug(H) and Z(u,0,v)= Zg(H,0).

It is not hard to check that this rational parametrizations are real and proper (see [20,
Appendix B] for the definitions and characterizations of these properties), and the
parametrization f.(v) - u = Ur(H) maps a small interval around H = 0 increasingly
to an interval around u = 0. Hence the parametrization of the radius of convergence of
u +— Z(u, 0, v) can be determined in the framework of [20, Proposition 21]. More pre-
cisely, the radius of convergence ) (v) should satisfy #.(V)u}(v) = lV]R(I-VI;k(R)), where
I-Vlg“ (R) is the smallest positive number that is either a zero of 01/3 or a pole of H —
ZR(H, 0). Comparing this to the definition of I-VIL.(R), we see that PVI;‘(R) < I-VIC(R), and
hence u}(v) < uc(v).! This shows that u > Z(u, 0, v) is divergent when |u| > u.(v).

We apply the same argument to the series u +— Z(u, u, v), which has the rational
parametrization

te(v)-u=Ug(H) and Z(u,u,v)=Zg(H, H).

Again, the rational parametrization is real and proper. Using its explicit expression,
one can check that the rational function H +— Z r(H, H) has no pole on [0, ﬁC(R)].
With the same argument as for u — Z(u, 0, v), we conclude that u.(v) is the radius
of convergence of u — Z (u u, v) and the series is convergent at u = u.(v) (because
Z(ue(w), uc(v),v) = ZR(H (R), H (R)) is finite). This concludes the proof of the
lemma. The necessary explicit computations in the above proof can be found in [32]. O

Notations. Inthe following, we will use the renormalized variables (x, y) = (ML(V) , ML(V)) .

A parametrization of the function (x, y) > Z(ucx, ucy, v) is given by x = x(H, R),
y = X(K,R) and Z(x, y,v) = Z(H, K, R), where X(H, R) = ¥g(H) := Ugr(H)/
U R (I-VIC(R)) is still a rational function in H. In the low temperature regime X (H, R) is
no longer rational in R due to the square root in (17). However it remains continuous
on (R, Ry) and smooth away from R.. These regularity properties will be more than
sufficient for our purposes.

Definition of holomorphicity and conformal bijections. We say that a function is holo-
morphic in a (not necessarily open) domain if it is holomorphic in the interior of the
domain and continuous in the whole domain. This definition is also valid for functions
of several complex variables, in which case holomorphic means that the function has

1 Using its explicit expression, one can check that H +— ZR(H, 0) has no pole on [0, I:IC(R)]. Hence
HX(R) = H¢(R) and u(v) = uc(v). But this is not necessary for the proof.
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a multivariate Taylor expansion that is locally convergent. A conformal bijection is a
bijection which is holomorphic and whose inverse is also holomorphic.

Definition of #o(R): By [20, Proposition 21], for each R € (R, Roo), the mapping Xg
induces a conformal bijection from a compact neighborhood of H = 0 to the closed unit
disk D. We denote by #o(R) this neighborhood and by #((R) its interior. It is not hard
to see that #o(R) is the connected component of the preimage )EEI (ID) which contains
the origin. This characterization of #((R) will be used in the proof of Lemma 14. Notice
that it implies in particular that #o(R) is symmetric with respect to the real axis.

3. Dominant Singularity Structure of Z(u, v, v)

In this section, we prove that the bivariate generating function (x, y) — Z(u.(v)x, uc(v)
¥, v) has a unique dominant singularity at (x, y) = (1, 1), and is “A-analytic” in a sense
similar to the one defined in [26] for univariate generating functions. Before starting, let
us briefly describe the state of the art for the singularity analysis of algebraic generating
functions of one or two variables.

For a generating function F(z) = ), F»z" of one complex variable, a dominant
singularity of F is by definition a singularity with minimal modulus. Moreover, this
minimal modulus is equal to the radius of convergence p of the Taylor series ), Fy,z",
so the dominant singularities of F are simply those on the circle {z € C: |z] = p}.
When F is algebraic, it behaves locally near a singularity z, like (z — z,)" with some
r € Q. In particular, one can find a disk centered at z, such that (a branch of) F is
analytic in the disk with one ray from z, to oo removed. Since algebraic functions have
only finitely many singularities, it follows that any univariate algebraic function F'(z)
with finite radius of convergence has an analytic continuation in a domain of the form
ﬂi (zi - A¢), where z; are the dominant singularities of F, and A is the disk of radius
1+ € > 1 centered at 0, with the segment [1, 1 + €] removed. This ensures that the
classical transfer theorem (see [26, Chapter VI.3]) always applies to algebraic functions,
and gives coefficient asymptotics of the form F,, ~ >, ¢; - z; " - n™" with ¢; € C and
ri € Q. In particular, when the dominant singularity is unique, the asymptotics has the
simple form of F, ~c-z. " -n".

When F(x, y) = Zm’n Fyn nx™y™" is an algebraic function of two complex variables,
the situation is much more complicated. First, the singularities of F'(x, y) are in general
no longer isolated points. Also, the definition of dominant singularities has to be general-
ized: instead of minimizing |z| in the univariate case, one needs to minimize the product
|x|*|y|, where A = lim o is defined by the regime of m, n — oo in which one looks
for the asymptotic of F, ,. The general picture for the singularity analysis of bivariate
algebraic functions is still far from being fully understood. The only systematic study we
found in the literature concerns the case where F (x, y) is rational or meromorphic. See
[35] for references. (A non-rational case has also been studied in [28]. But it concerns
functions of a special form, and does not cover the case we are interested in here.) When
F(x, y) is rational (or of the form studied in [28]), the locus of singularities of F' is an
algebraic sub-variety of C2. In that case, sophisticated tools from algebraic geometry
can be used to locate the dominant singularities, and to study F (x, y) locally near the
dominant singularities.

For the Ising-triangulations, the singularity locus of the generating function (x, y) —
Z(ucx, ucy, v) is much harder to describe, since it involves describing branch cuts of the
function in C2. Luckily, the structure of dominant singularities is very simple: regardless
of the relative speed at which p, g — oo, the dominant singularity is always unique
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Fig. 3. a Boundaries of the unit disk D, the A-domain A ¢ and the slit disk A¢. For the sake of visibility, A¢ ¢
and A¢ are drawn for two different values of €. b Boundaries of the domains #(R), #¢ g (R) and #H ¢ (R)
defined by the parametrization X g at a non-critical temperature R # R.. By definition, #(R) (resp. #¢ g (R)

and #¢ (R)) is the connected component of the preimage )EEI (D) (resp. )?El (Ac p) and )EEI (A¢)) containing
the origin. ¢ Boundaries of the domains #((R) and #¢ (R) defined by X at the critical temperature R = R,.
Notice that at the point I:IC(R), the curve 9 (R) in b has a tangent, while the curve d# ¢ (R.) in ¢ has two
half-tangents at an angle 27 /3

and at (x, y) = (1, 1). Moreover, the function has an analytic continuation “beyond the
dominant singularity” in both the x and y coordinates, in the product of two A-domains.
Proposition 12 gives the precise formulation of the above claim.

Notations. We denote by D the open unitdisk in C and by arg(z) € (—m, 7] the argument
of 7€ C.Fore > 0and 0 <6 < /2, define the A-domain

Acp={ze(l+e)-D|z#landlarg(z—1)| >6}.

When 6 = 0, the above definition gives A¢ o = (1 +€) - D\ [1, 1 + €), which is a disk
with a small cut along the real axis. We call this a slit disk, and use the abbreviated
notation A, = A .

We denote by 0A¢ g and Ke’g be the boundary and the closure of A¢ 9. When 6 €
(0, /2), these are taken with respect to the usual topology of C. When 6 = 0 however,
we view A as a domain in the universal covering space of C \ {1}, and define d A, and
A, with respect to that topology. In this way the closed curve d A, will be a nice limit
of 3A¢ g when 6 — 0%, as illustrated in Fig. 3a.

Proposition 12. Forallv > 1 and 6 € (0, %), there exists € > 0 such that (an analytic
continuation of) the function (x,y) +— Z(uc.(v)x, uc(v)y, v) is holomorphic in A, ¥
Ae 9. Moreover, when v > v, we can take 0 = 0, i.e., find € > 0 such that the function
is holomorphic in A¢ x Ae.

Remark 13. As mentioned at the end of the previous section, by “holomorphic in A, x
‘A.”, we mean that a function has complex partial derivatives in the interior A, x A of
Ac x A, and is continuous in A, x A.. This will be later used to express the coefficients
Zp,q(v) as double Cauchy integrals on the contour d A, x d A, so that their asymptotics
when p, g — o0 can be estimated easily. For this purpose, it is not absolutely necessary
to prove the continuity of (x, y) — Z(u.(v)x, uc.(v)y, v) on the boundary of A X A
(in particular, at the point (1, 1)). But not knowing this continuity would require one to
approximate the contour A, x d A by a sequence of contours that lie inside A¢ x A,
which complicates a bit the estimation of the double Cauchy integral.
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The rest of this section is devoted to the proof of Proposition 12. To this end, we will
construct the desired analytic continuation of (x, y) +— Z(u.(v)x, u.(v)y, v) based
on the heuristic formula Z (ucx, ucy) = Z()?_l (x), )?_l(y)). The proof comes in two
steps: First, we show that for each fixed R, the rational function X defines a conformal
bijection from a set ﬁe (R) to KE for some € > 0. Then, we try to show that for all
€ small enough, the rational function VA r(H, K) has no pole, hence is holomorphic, in
WG(R) x F, (R). It turns out that this is true only when v > v.. When v € (1, v.), one
needs to reduce the domain 36 (R) x <7€ (R) abit, which corresponds to replacing one
factor in the product A x A, by a A-domain A, .o with some opening angle 6 > 0.

3.1. The conformal bijection X : H. (R) — A..

Lemma 14 (Uniqueness and multiplicity of the critical point of Xg). For all R €
(R1, Ro), H:(R) is the unique zero of the rational function )?;e in #Ho(R). It is a simple
zero if R # R., and a double zero if R = R..

Proof. By definition, I:IC(R) is a zero of X. One can easily check that it is a simple zero
if R € (R1, Rxo) \ {R.}, and a double zero if R = R,. It remains to show its uniqueness
in #o(R).

By the definition of #€((R), the restriction of Xy to this set is a conformal bijection.
Therefore the derivative )E;e has no zero in #y(R). On the other hand, x ;e is a polynomial
of degree three for all R € (R, Rx), so it has three zeros (counted with multiplicity),
one of which is ﬁC(R). In the following we show that the two other zeros are not in the
set 0fo(R) \ {ﬁC(R)}, and this will complete the proof.

When R € [R., Rx), We check by explicit computation (see [32]) that all three zeros
of X} are on the positive real line. Since #o(R) is a topological disk containing H = 0
and is symmetric with respect to the real axis, its boundary intersects the positive real
line only once (at PVIC(R)). Hence i;e has no zero on d#p(R) \ {ﬁc(R)}.

When R € (R, R.), the zeros of )?;e are not always real. In this case we resort to a

proof by contradiction: Let x (H, R) = %H(g Assume that for some R, € (Ry, R;),

the quadratic polynomial H — x(H, Ry) has a zero H, in 0#o(Ry) \ {HC(R*)}. We
will show that the pair (H,, R,) satisfies the following system of algebraic equations

+ ad
s +i and  9pxX _ IRX ogx =ir-x (18)
s—i om X

X(H,R)=0, X(H,R) =

where r, s € R are two auxiliary variables. Notice that this system contains 3 complex
equations, but only 5 real variables (ReH, JmH, R, s and r). So we expect it to have
no solution. We can check that this is indeed the case: First, we eliminate H to obtain
two complex polynomial equations relating R, r and s. Since these variables are all real,
the real part and the imaginary part of each equation must both vanish. We check that
the resulting system of four polynomial equations has no real solution using a general
algorithm [30] implemented in Maple as RootFinding[HasRealRoot], see [32].
By contradiction, this proves that FVIC(R) is the unique zero of X} in d#o(R) for all
R € (R, R.), and completes the proof of the lemma modulo a justification of the
system (18).

The first equation of (18) is true by the definition of (H,, R,). The second equation
expresses the fact that X(Hy, R,) € 9D \ {1}, which is the image of our assumption
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|&(H.(R),R)| > 1 |&#(H.(R),R)| =1 |#(H.(R),R)| <1
(R=R.)

Fig. 4. Local behavior of the set )2];1 (D) in the coordinate /. The region corresponding to #((R) is colored

in yellow, and the region corresponding to i;l (D) \ #(R) is colored in blue (the upper region in the graphs
() and (b))

H, € 07y(Ry)\ {I-VIC(R*)} under the mapping X, . Indeed, since s ;” is a bijection

from R to dD \ {1}, we have X (H, R) € 0D\ {1} ifand only if X(H, R) = ;i’l. for some
s € R. The last equation of (18) is a consequence of the following two facts:

(1) oy x(Hy, Ry) # 0. Hence the equation x(H, R) = 0 defines a smooth implicit
function H = H,(R) in a neighborhood of (H, R) = (Hy, R.).
(i1) The derivative % log |X(H«(R), R)| vanishes at R,.

Indeed, by the implicit function theorem, (i) implies that 55 H (Ryx) = %.
On the other hand, we have

d v
i log | (HL(R), R)‘ —me (logx(H*(R) R)) (M> .

X(H«(R), R)
Expanding %%(ﬁ*(R), R) using the chain rule, we see that the expression on the right
hand side vanishes at R = R, if and only if the last equation of (18) holds for some
r € R and when (H, R) = (Hy, R,)

One can verify (i) by an explicit computation: If 9y x (Hs, R«) = 0, then we can
solve the pair of equations x (Hy, R.) = 0 and 0y x (Hx, Ry) = 0 (the first equation is
quadratic in H, while the second one is linear), which has a unique solution that satisfies
R. € (Ry, R.). But this solution gives a numerical value |X(H,, R)| # 1 (see [32]),
which contradicts the fact that X (Hy, Ry) € 0ID. Thus we have 9y x (Hy, Ry) # 0.

The justification of (ii) is a bit more technical. It is a consequence of the following
observation: By definition, FVI*(R) is a critical point of Xg for all R, thus it can never
enter the open set #o(R). However, the point H, = ﬁ*(R*) is on the boundary of
Ho(Ry). Intuitively, this implies that the movement of the point I:I* (R) must be in some
sense stationary with respect to the domain #o(R) when R = R,. To prove (ii), we
will show that this stationarity constraint translates to the stationarity of the function
R — |x(H*(R) R)| at R = R,. For this, we will change our reference frame to the
point H*(R) In other words, we will make a change of variable H = H (h, R) such
that H (0,R) = H*(R), and study the evolution of the domain #o(R) in the variable &
when R varies around R,.
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To construct a change of variable that simplifies the expression of #(R), let us

consider the function f(z, R) = %m — 1. Since £(0, R) = 0and 3, £(0, R) =
% = 0, the function a(z, R) = z 2 f(z, R) is analytic in a neighborhood of
0% (Hy (Ry), Ry)

(0, R). Moreover, according to (i) we have 9 f (0, Ry) = ST ATANE # 0, hence

«(0, R,) # 0. By the inverse function theorem, the mapping (z, R) — (v/a(z, R)z, R)
has a local inverse (i, R) +— (Z(h, R), R) that is jointly analytic in (&, R) in a neigh-
borhood of (0, R,). Let I—VI(h, R) = I-VI*(R) + Z(h, R). One can check that the inverse
function relation \/a(Z(k, R), R) - z(h, R) = h implies

F(H(h, R), R) = X(Hy(R), R) - (1 + h?)

for all (k, R) in a neighborhood of (0, R,). In the variable %, the preimage of the unit
disk D by Xg is simply the set {h : |1 + h%| < |¥(Hx(R), R)|~'}. More precisely, we
have

F'(D) = {H(h, R): |1+ 12| < |5(H.(R), R)|—1} .

in a neighborhood of H = ﬁ*(R).

When R = R,, we have |i(ﬁ*(R*), R.)|~! = 1. In this case, {/ : |1 +h2| <1} =
{h : |Re(h)| < |Im(h)|} is a two-sided cone, as in Fig. 4b. Recall that #o(R) is the
connected component of i;l (D) containing H = 0. Since the point H, = ﬁ*(R*) is on
the boundary of the domain #€((R), at least one side of the two-sided cone must belong
to #o(R). Now assume that 5% [¥(Hx(R,), R,)| # 0, then we have |¥(H.(R), R)| < 1
either for R > R, orfor R < R, inaneighborhood of R,. But, as shown in Fig. 4c, in this
case the preimage i;l (D) has only one connected component locally near H,(R). This
connected component must belong to #y (R) because of the continuity of R — X(H, R).
It follows that H = I-VI*(R) (which is & = 0 in the variable /) belongs to #o(R). This
contradicts the fact that the domain #€o(R) contains no critical point of Xg. Thus we
must have & |¥(H.(R), R)| = 0, or equivalently & log|¥(H,(R), R)| = 0, when
R = R.. This justifies the claim (ii) and completes the proof of the lemma. O

Remark 15. The second equation in (18) implies Xz (H) € 0D, but does not guarantee
that H € 3#(y(R), because the mapping X is not injective on C. In fact, if one removes
the last equation from (18), then the system does have a solution (H, R, s) with R €
(R1, R.) and s € R. This solution corresponds to a critical point of Xz which is not on
dd€y(R), but is nevertheless mapped to D \ {1} by Xg.

The purpose of the last equation of (18) is precisely to avoid this kind of undesired
solutions. Without the last equation, the algebraic system (18) contains two complex
equations with four real unknowns (Re(H), Jm(H), R, 5). So generically, we do expect
it to have a finite number of solutions. The last equation adds one complex equation to
the system while introducing only an extra real variable. With it, we expect generically
that (18) has no solution. In general, if the mapping X (H) depends on m real parameters
(R1, ..., Ry) instead of R, then provided that X(H) has continuous derivatives with
respect to each of the parameters, one can replace the last equation of (18) by m complex
equations with m extra real variables. Then we would have a system of m + 2 complex
equations with 3 + m + m = 2m + 3 real variables, which generically would have no
solution.
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Our justification of last equation of (18) came in two steps. The first step (i) asserts
that the critical point H, has multiplicity one. It is checked by an explicit computation
and depends on the specific function Xg. On the contraty, the second step (ii) derive
the desired equation in (18) using a variational argument which is mostly independent
of specific features of xg. Currently, the argument in (ii) still depends on the fact that
H, has multiplicity one. In the upcoming paper [19, Appendix A], the first author gives
a generalization of this variational argument which applies to critical points of any
multiplicity. That general argument would allow us to bypass the verification of (i) in
the above proof.

Definition of #(R): For each R € (R, Rx), the above lemma and Proposition 21(iii)
of [20] imply that there exists € > 0 for which X defines a conformal bijection from a
compact set %g(R) D %O(R) to A.. For 6 € (0, w/2), let %g,g(R) be the preimage of
the A-domain Ks,@ C A, under this bijection. We denote by d# . (R) and #(R) the
boundary and the interior of %e (R), and similarly for 3_65,9 (R).

Notice that the notation %e (R) fits well with the previously defined %O(R), since
the latter is in bijection with the closed unit disk D, which can be viewed as a special
case of the domain A, with € = 0.

Geometric interpretation of Lemma 14. We know that analytic functions preserve angles
at non-critical points. More generally, if f is an analytic function such that H € C is
a critical point of multiplicity n (that is, a zero of multiplicity n of f/, with n > 0),
then f maps each angle 6 incident to H to an angle (n + 1)6. Since #o(R) is mapped
bijectively by X to the unit disk (whose boundary is smooth everywhere), the boundary
of #y(R) forms an angle of 7 /(n + 1) at each H € d#(o(R) which is a critical point
of multiplicity n of Xg. Therefore, Lemma 14 tells us that the boundary of #(R) is
smooth everywhere except at H = H.(R), where it has two half-tangents forming an
angle of m/2 if R # R, or an angle of 7/3 if R = R,. This is illustrated by the red
curves in Figs. 3b, c.

For the same reason, the boundary of # o(R) has also two half-tangents at H =
I-VIC(R). They form an angle of m — 6 if R # R, and an angle of %(n —0)if R = R.. (In
particular, when 6 = 0 and R # R, the angle is equal to m, i.e. the two half-tangents
become a tangent.) This is illustrated by the blue and cyan curves in Fig. 3b, c. From
this we deduce the following corollary, which will be used to derive the local expansion
of the bivariate function Z(H, K, R) at (H, K) = (H.(R), H.(R)) at critical and high
temperatures.

Corollary 16. For all R € (R, Rx) and 6 € (0, %), there exist a neighborhood 1 of
(I:IC(R), I-VIC(R)) and a constant Mg < oo such that

max (|He(R) = HI, [He(R) = K1) = My - |(Ho(R) = H) + (He(R) = K| (19)

forall (H,K) € 1N (%E(R) x %EVQ(R))
When R = R., one can take & = 0 so that (19) holds for all (H, K) € 11 N
(FeR) x Fe(B)).

Proof. For R € (R1, Rx) \ {R.}, the boundary of %5,9 (R) has two half-tangents at
H = H.(R), both at an angle of ”2;9 with the negative real axis. When 8 = 0, the two



Ising Model on Random Triangulations of the Disk: Phase Transition 815

half-tangents becomes a tangent that is orthogonal to the real axis. For any 6 € (0, %),

we can choose 6; > 7 and 6, > ”—50 such that ; + 6, < m. Then there exists a

neighborhoodNofI-vIc(R) suchthatarg(I-VIC(R)—H) € (—60;1,60))forall H € NO%E(R),
and arg(}vlc(R) —K) e (—6,0)) forall K € NN %E o (R). In polar coordinates, this
means that I:IC(R) — H = r€e'? and ﬁc(R) K = re'# satisfy |¢1] < 01 and
|p2| < 63, so that |p1 — o] < 01 + 0, < 7. It follows that

2

“ . 2 . . 2
(H.(R) — H) + (H.(R) — K)’ - ’rle‘d’] +r26 9| =12 412 420 1y cos(er — d2)

> r12 + r22 +2ryra cos(01 + 63)

= (r1 — r2cos(61 +62)) + (r2sin(6) +62))° .

This implies that rp = |I:IC(R) — K| < m
by symmetry, the inequality (19) with My =
(Fe(R) x T o (B)).

When R = R, the boundary of H<(R) has two half-tangents at H = I:IC(R) at an

angle of % with the negative real axis. In this case, we can take 6; = 6, = 51_75 > %
so that 61 + 6o < m. Then, the same proof as in the R # R, case shows that there

exists a neighborhood N of I-I(C(R) such that (19) holds with My = Sin(;—n/ﬁ) for all
(H,K) € (N x N)N (%G(R) x ﬁE(R)). 0

| He(R) ~ 1) + (R — KO and

for all (H,K) € (N x N)N

1
sin(01+6;)°

3.2. Holomorphicity of Z on %E(R) X %G(R). The previous subsection showed that
for € > 0 small enough, A, x A, is mapped analytically by the inverse function of
(H, K) — (Xg(H), Xg(K)) to the domain #(R) x #(R). Ideally, we want to show
that the other part of the rational parametrization (H, K) +—> VA r(H, K) does not have
poles on # (R) x #¢(R). Then the formula Z (ucx, ucy) = Zr(GRr)1(x), ()~ ! )
would imply that (x, y) — Z(ucx, u.y) has an analytic continuation on A x Ae.

By contlnulty, any neighborhood of the compact set c%’o(R) X c7€o(R) contains
(765 (R) x %g(R) for all € small enough. On the other hand, the poles of VA g form a
closed set. Hence to prove that the domain He(R) x #H(R) does not contain any poles
for € small enough, it suffices to show that the compact set %O(R) X %O(R) does not
contain any poles of Z . It turns out that this is almost the case:

Lemma 17. For all R € (R;, Rx), the rational function ZR has no pole in %O(R) X
Ho(R). 5 5 . _ _
Forall R € (Ry, R;], (H.(R), H.(R)) is the only pole of Zg in #y(R) x #Ho(R).

Proof. By definition, a pole of zZ g is a zero of the polynomial Dg in the denomina-
tor of ZR (H,K) = g’;gzg where Ng and Dg are coprime polynomials of (H, K).
With an appropriate choice of the constant term Dy (0, 0), we can take N(H, K, R) :=
Nr(H,K) and D(H, K, R) := Dgr(H, K) to be polynomial in all three variables
(H, K, R). We check by explicit computatlon (see [32]) that D(H (R), H (R),R) #0

for all R € (R, Rs), and D(H (R), H (R),R) = 0 for all R € (Ry, R.]. Then
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it remains to show that D does not vanish for any (H, K) € Ho(R) x #Ho(R) \
{(H.(R), H.(R))} and R € (R, Rx). For this we use the following lemma, whose
proof will be given later:

Lemma 18. If the polynomial D vanishes at a point (H, K, R) such that (H, K) €
Ho(R) x Ho(R) and R € (R1, Rx), then both N and 0y N - 0g D — g N - 0y D vanish
at (H, K, R).

This lemma tells us that the poles of _Z r in the physical range of the parameters
(that is, for R € (R, Rx) and (H, K) € #o(R) x #Ho(R)) satisfy the system of three
polynomial equations

D=N=0dyN-9xkD—dxkN -dyD =0 (20)

instead of just D = 0. However, it is not easy to verify whether (20) has a solution
(H, K, R) satisfying (H, K) € #o(R) x #o(R) \ {(He(R), H.(R))}, for two reasons:
On the one hand, the solution set of (20) contains at least one continuous component:
(H, K, R) = (H.(R), H.(R), R) is a solution of (20) for all R € (R;, R.]. On the other
hand, it is not easy to distinguish between points in #(R) from points in the preimage
i;l(ﬁ) which are not in %O(R). To mitigate these issues, we construct an auxiliary
equation that eliminates some solutions of the system which are known to be outside

Fo(R) x Fo(R) \ {(Ho(R), HA(R)}.

Since X is a conformal bijection from #o(R) to the unit disk, we know that H = 0
is its unique (simple) zero in #o(R). Hence the polynomial H +— Ug(H)/H does not
vanish on #o(R). (Recall that X g is defined as U divided by a constant that only depends
on R.) On the other hand, H.(R) is the unique zero of X}, in #o(R) by Lemma 14. Thus
if (H, K) € #o(R) x #o(R) is different from (H,(R), H(R)), then either U (H) # 0
or U;Q(K) #0.LetNZ(H,K,R) = UR(H) UR(K) U/ (H). Then the above discussion
shows that for R € (R|, Rx) and (H, K) € WQ(R) X %O(R)\{(HC(R), HC(R))}, either
NZ(H,K,R) #0,or NZ(K, H, R) # 0.

It follows that if (H, K) is a pole of Zg in #o(R) x #o(R) \ {(H:(R), H-(R))},
then either (H, K, R) or (K, H, R) is a solution to the system of equations

D =N =0yN-0xkD—0xkN-9gyD =0 and X -NZ=1 21

where X € C is an auxiliary variable used to express the condition 77.Z # 0 as an
algebraic equation. A Grobner basis computation (see [32]) shows that this system has
no solution with real value of R. By contradiction, ZR has no pole in Fo(R) x #o(R) \
{(HC(R), HC(R))} for all R € (R1, Rx). This completes the proof. |

Proof of Lemma 18. Inthisproof we fixan R € (R1, Rx) and drop it from the notations.
Since the double power series (x,y) > Z(ucx, ucy) is absolutely convergent for all
x, y in the unit disk I, and ¥ is a homeomorphism from # to D, the rational function
Z(H, K)=Z(u.-x(H), u.-x(K)) is continuous on the compact set <7€0 X <7€0.

__Assume that D vanishes at some (H, K) € %0 X %0. The boundedness of Z on
Ho x Ho implies that N also vanishes at (H, K). If oy D(H, K) = d0xD(H, K) =0,
then dy N - dx D — 0g N - oy D obviously vanishes at (H, K). Otherwise, consider the
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limit of Z(H +¢eh, K + ¢k) when ¢ — 0%, where h, k € C. By L’'Hopital’s rule, for all
(h,k)suchthath -0y D(H,K)+k - 0xk D(H, K) # 0, we have
h-ogN(H,K)+k-0xkN(H, K)

lim Z(H +¢h, K + ¢k) = ) (22)
e—0* h-duD(H,K)+k-9xD(H, K)

By the continuity of 7 on # x o, the above limit is independent of (&, k) as long as
the pair satisfies that (H + ¢h, K + ¢k) € %0 X %o for all € > O small enough. From
Fig. 3 (or more rigorously the geometric interpretation of Lemma 14), we see that for
all H € %g, there exists i, 7% 0 such that H + ¢h, € %g for all € > O small enough.
Similarly, there exists k, # O such that K + gk, € # for all € > 0 small enough. By
taking (%, k) to be equal to (i, 0), (0, ky) and (i, ky) in (22), we obtain that

hduN(H,K)  kdgN(H,K)  hduN(H, K)+kixN(H, K)
hedgD(H,K) — kedgD(H,K)  h.dgD(H, K)+k.dxkD(H,K)’
provided that the denominators of the three fractions are nonzero. By assumption,
ogD(H, K) and d0x D(H, K) do not both vanish. It follows that at least two of three

fractions have nonzero denominators. From the equality between these two fractions,
we deduce that 9y N - 0k D — dg N - 0y D =0 at (H, K). a

Now we use the continuity argument mentioned at the beginning of this subsection
to deduce the holomorphicity of VA R On %e X %E (or %e X %e’g, see below) from
Lemma 17. The low temperature case is easy, since Zr does not have any pole in
<7€0 X c%’o forall R € (R;, Rx). When R € (Ry, c] one has to study the restriction of

VA R On 5‘6 X c?f more carefully near its the pole (H (R), H (R)). This is done with the
help of Corollary 16.

Lemma 19. For all R € [R., Ry), there exists € > O such that ZR is holomorphic in
Fe(R) X He(R). }

For R € (R1, R.) and 6 € (0, t/2), there exists € > 0 such that Zg is holomorphic in
He(R) x Heo(R).

Proof. As in the previous proof, we fix a value of R € (R1, Rx) and drop it from the
notation.

Low temperatures. When R € (Rc, Roo), Lemma 17 tells us that 7 has no pole in
Ho x #y. Since the set of poles of Z is closed, and Ho x #Ho is compact, there exists
a neighborhood of Ho x Ho containing no pole of Z. By continuity, this neighborhood
contains #, x #. for € > 0 small enough. It follows that there exists € > 0 such that
Zis holomorphic in #, x #..

Critical temperature. When R = R, Lemma 17 tells us that (HC, H ¢) is the only pole

of Z in Ho x H. 5 . . oL
First, let us show that Z, when restricted to #¢ x #, is continuous at (H, H.).

Notice that this statement does not depend on €, since two domains #, x #. with

different values of € > 0 are identical when restricted to a small enough neighborhood

of (I:IC, ﬁc). We have seen in the proof of Lemma 17 that the numerator N and the
denominator D of Z both vanish at (H., H,). Therefore their Taylor expansions give:

Z(H. —h, H. — k)
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9N (H. H.) - (h+k) + O (max(|h|. [k|)?)
9y D(H., H) - (h +k) + O (max(|hl, [k])2)

as (h, k) — (0,0). (23)

We check explicitly that BHD(HC, I:Ic) # 0, see [32]. On the other hand, thanks to
Corollary 16 (the critical case) we have max(|h|, |k|) = O (|h +k|) when (h, k) —
(O 0) in such a way that (H —h, H, — k) € #. x #,. Then it follows from (23) that
Z(H K) — BHN(HC, H )/8HD(HC, H) when (H K) — (HC, H ) in He x He.
That is, Z restricted to . x #. is continuous at (HC, H ). L

Next, let us show that for some fixed €y > 0, every point (H, K) € #o x #¢ has a
neighborhood V/(H, K) such that 7 is holomorphic in V(H, K) N (%eo X %60). (Recall
that this means Z is holomorphic in the interior, and continuous in the whole domain).
For (H,K) = (HC, H,;), the expansion of the denominator in (23) shows that there
exists g > 0 and a neighborhood U(HC, Hc) such that (HC, Hc) is the only pole of VA
in U(HC, Hc) N (%eo X %60). Moreover, the previous paragraph has showed that 7 is
continuous at (HC, Hc) when restricted to %e X %e. It follows that Z is holomorphic
in V(H,, He) N (# e, x He,). For (H, K) € #o x #Ho \ {(H, He)}, since (H, K) does
not belong to the (closed) set of poles of VA , it has a neighborhood ¥ (H, K) on which VA
is holomorphic.

By taking the union of all the neighborhoods ¥/(H, K) constructed in the previous
paragraph we see that there is a neighborhood {) of the compact set Ho x #Hq such that
Zis holomorphic in ¢/ N (FHo x Ho). By cont1nu1ty, ¢ contains # x #. for some € > 0
small enough. Hence there exists € > 0 such that Zis holomorphic in #, x #.

High temperatures. When R € (R1, R.), Lemma 17 tells us that (Hc, HC) is also a pole
of Z. The rest of the proof goes exactly as in the critical case, except that the domain
%E X %e has to be replaced by %e X %5’9 for an arbitrary 6 € (0, w/2) due to the
difference between the critical and non-critical cases in Corollary 16. O

Remark 20. In fact, the above proof shows the holomorphicity of Zgina larger domain
than the one stated in Lemma 19. In particular, one can check that the following statement
is true: for each compact subset K of #., there exists a neighborhood V of #¢ such
that Z is holomorphic in K x V. This remark will be used to show that x — A(u.x) is
analytic on A in Corollary 26.

Proof of Proposition 12. The proposition follows from Lemma 19 and the definition of
He(R):

At critical or low temperatures, the inverse mapping of (H, K) — (Xg(H), Xg(K))
is holomorphic from A x A to %6 (R) x %5 (R). For € > 0 small enough, (H, K) >
Z r(H, K) is holomorphic in He(R) x #(R). Hence their composition defines an
analytic continuation of (x, y) +> Z(x, ¥y, V) on A x Ae.

Athigh temperatures, it suffices to replace A x A, by A, XKG’Q, and #, (R) X F, (R)
by #(R) x #He p(R). O

4. Asymptotic Expansions of Z(u, v, v) at Its Dominant Singularity

In this section, we establish the asymptotic expansions (Proposition 24) of the generating
function Z(u.x, u.y) at its dominant singularity (x, y) = (1, 1). For this we define the
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function Z (&, £, v) by the change of variable
ZweW)x, uc()y,v) = ZHh, A v) with A=(1-x)?° and A£=(1-y)°

Recall that § = 1/2 when v # v, (non-critical case), and § = 1/3 when v = v, (critical
case).
The proof relies on Lemma 14 (location and multiplicity of the zeros of X) and

Lemma 17 (location and multiplicity of the poles of zZ r) of the previous section, as well
as the following property of the rational function Zg: for all H # 0,

Ok Zr(H,H.(R)) =0 forall R € (R, Rs), and 92Zg (H, H.(R.))=0.
(24)

These identities can be easily checked using Maple (see [32]).

The purpose of the following lemma is to translate the above constraints (Lemma 14,
Lemma 17 and (24)) on the rational functions Xz and VA g in terms of the structure of the
local expansion of Z (#, £, v) near (fi, #) = (0, 0). These constraints imply that some
“leading coefficients” in the local expansion must vanish, and we check that no other
leading coefficients vanish. In other words, if (Xg, VA R) was a pair of generic rational
functions satisfying the above constraints, then the local expansions of Z (%, £, v) will
have exactly the same structure and leading nonzero coefficients as those specified in
Lemma 21. After establishing Lemma 21 (and Lemma 22 which is used in its proof), we
will plug the change of variables (4, £) = ((1 —x)®, (1 — y)®) into Z (A, £, v) to derive
the asymptotic expansion of Z(u, v, v) near (u, v) = (u.(v), u.(v)) in Proposition 24.
Apart from expressing the results in different sets of variables, another key difference
between Lemma 21 and Proposition 24 is that the former gives an exact decomposition
in terms of converging series, while the latter gives asymptotic expansions useful for the
study of coefficient asymptotics.

From now on we hide the parameter v and the corresponding parameter R from the
notations.

Lemma 21. For v > v, Z(h, R) is analytic at (0, 0). Its Taylor expansion Z(h, k) =
Y mn=0 Zmni"R" satisfies Zy n = Zy 1 = 0 foralln > 0 and Z33 > 0.

Forv € (1, v.], we have a decomposition of the form Z (i, k) = Q(h, k) + %,
where Q(h, k), J(r) and D (h, k) are analytic at the origin. The denominator satisfies
D(0,0) =0and 3;0(0,0) = 04D (0, 0) = 1, whereas

Qh. k)= > Quah™" and J(r)=Y_ Jr'

m,n>0 >1

satisfy: If v € (1, v,), then J; > 0.

If v = then Q1, = On1 = Q2n = Qu2=0foralln >0, J1 = J» =0and
J3 > 0.

The three nonzero coefficients in the above statements can be computed by:

1/. v N2 L
L33 = T3<Z3,3 -2 95—3 Zr3+ (g) Z2’2> when v > v, 25)
x2 X2 X2
1 v .
Ji = — lim dyZ(H, H,) whenv € (1,v.), (26)

v1/2
xz/ H—H,
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1 4 3ydxZ(H, H)

J= e — lim
P Buop, (H —H)3

when v = v, 27

where the numbers X, and Zm, n are the coefficients in the Taylor expansions 1 — )?(I-VIC —
h)y =3 50 Xnh" and Z(He — h, He — k) = Y Zy nh"™k".

m,n
(The coefficients X, are not to be confused with the functions Xg = X(-, R) defined
earlier. There should be no confusion because by the convention above this lemma, the
parameter R no longer appears in our notations.)

Proof. Recall that Z has the parametrization x = X(H), y = X(K) and Z (u.x, u.y) =
Z(H, K). The function h — A = (1 — )?(I-VIC — h)’ is analytic and has positive
derivative at & = 0. (The exponent § has been chosen for this to be true.) Let i be its
inverse function. Then the definition of Z implies that

Zh. ) =7 (ﬁc — k), He — w(/é)) . (28)

The proof will be based on the above formula and uses the following ingredients: The
form of the local expansions of Z will follow from whether (H,, H.)isapoleof Z(H, K)
or not. The vanishing coefficients will be a consequence of the vanishing of dx Z(H, H,)

and of 812(2 (H, I:IC) given in (24). Finally, the non-vanishing of the coefficients %3 3,
J1 and J3 will be checked by explicit computation.

Low temperatures (v > v.). By Lemma 17, (ﬁc, I-VIC) is not a pole of Z(H, K) when
v > v.. Thus (28) implies that Z is analytic at (0, 0). By the definition of X, and X3,
we have (1 — )E(I:Ic — h))l/2 = i;/zh(l + 2"732}; + O(hz)). Then the Lagrange inversion
formula gives,

, 1 X3, 3
w(/l) = ﬂh — Tzll +Oh7).
}2/ 2%y

In particular, ¥ (k) ~ cst - . Hence (28) and the fact that dx Z(H, H.) = 0 for all
H (Eq. (24)) imply that 9z Z (fi,0) = O for all /i close to 0, that is, Z1, = Zn,1 =0
for all n > 0. On the other hand, we get the expression (25) of Z3 3 by composing the
Taylor expansions of (/1) and of Z(H. — h, H. — k), while taking into account that
Zin=2y1 = 0.

By plugging the expressions of x(H) and Z(H, K) into the relation (25), one can
compute the function Z3 3(V(R)), which gives a parametrization of Z3 3(v). The explicit
formula, too long to be written down here, is given in [32]. We check in [32] that it is
strictly positive for all R € (R., Rxo).

Hightemperatures (1 < v < v.). Whenv € (1, v.), Lemma 17 tells us that (I-VIC, ﬁc) isa
pole of Z (H, K). Moreover, this pole is simple in the sense that the denominator D of Z
satisfies that D(H,, H,) = 0 and 8y D(H., H.) = dx D(H,, H.) # 0. Then it follows
from (28) that Z = 11/ for some functions 71 (%2, £) and D (#, £), both analytic at (0, 0),
such that ©(0,0) = 0 and 9;,D(0,0) = 9;,0(0,0) = 1. We will show in Lemma 22
below that there is always a pair of functions Q(%, £) and J(r), both analytic at the
origin, such that 1 (A, k) = Q(h, k) - D(h, k) + J(fik). This implies the decomposition



Ising Model on Random Triangulations of the Disk: Phase Transition 821

Z(h, £) = Q(h, k) + 7" Notice that J (0) = 0, because 71(0, 0) = D (0, 0) = 0 by
the continuity of Z|ﬁoxﬁo at (I-VIL., I-VIC).
Taking the derivatives of the above decomposition of Z (fi, £) at £ = 0 gives

pZ(h,0) =04 Q(h,0) and  FZ(h,0) =3 Q(, 0”@(& 0

For the same reason as when v > v., we have 9z Z (/i, 0) = O for all /2 close to 0. On
the other hand, @ (2, 0) ~ h as i — 0 because 950 (0, 0) = 1. Thus the limit 4 — 0
of the above derivatives gives

lim 8 Z(4.0) = 30(0.0) and  ;Q(0.0) +J; =0.
h—

By symmetry, 95 Q(0,0) = 04 Q(O 0) therefore J; = —Ilimg_,q 03 L (N, 0). After
expressing Z(/i, 0) in terms of VA (H, H ) and ¥ (1) using (28), we obtain the formula
(26) for J;.

We check by explicit computation in [32] that J; (v) has the parametrization

J+R) (7= R2) (1482 — 1 — RY)°
V2Z(3R? — 1) (29 + 75R? — 17R* + RY)’

N (V(R)) =

which is strictly positive for all R € (R, R.).

Critical temperature (v = v.). When v = v, the point (I-VIC, I-VIC) is still a pole
of Z(H, K) by Lemma 17, and one can check that it is simple in the sense that
ogD(H., H.) = 0k D(H., H.) # 0. Therefore, the decomposition Z(/i, k) = Q(h, k)+

gg ((/’;h/;) remains valid. Contrary to the non-critical case, now we have X, = Oand$ = 1/3,

thus ¥ (/) ~ )?3_1/3ﬁ Together with the fact that dxZ(H, H,) = BI%Z(H, H.) = 0 for
all H (Eq. (24)), this implies 04 Z (11, 0) = BZZ (i, 0) = 0O for all /i close to 0. Plugging

in the decomposition Z (i, k) = Q(h, k) + Cg((,fl‘ﬁ/)), we obtain

Jih ) Joh? Dk, 0)
=0 d 09;0(,0)+ —Jih
Dk, 0) and QRO+ TG0~ M Bk, 02
Since 34, (0,0) = 1 and D (2, 0) ~ fi as i — 0, the last term in the second equation

diverges like J; A~ when i — 0, whereas the other two terms are bounded. This implies
that J1 = 0. Plugging J; = 0 back into the two equations, we get

g Q(h,0)+

J2ﬁ2 _
D(h,0)
The first equation translates to Q1 , = Q,,1 = 0forall n > 0. Then, Q2 = 0 tells us

3 0(h,0)=0 and 370k 0)+

that in the second equation B%Q(/i, 0) = Qo2+ 0 (#?), whereas @J(leﬁi)) ~ Jrfi when
f — 0. Therefore we must have J, = 0, which in turn implies 3,? Q(h,0) = 0, that is,
Qon = Qn2=0foralln > 0.

To obtain the formula for J3, we calculate from the decomposition Z (i, k) =
Qi k) + Z & that

1
0pogL(ft, h) = 0,0 QR h) + ———
0k (e, h) = 0305 O( l)+®(ﬁ’ﬁ)2
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x ((@(ﬁ, k) — 2R, D (K, Kh)) J (h?) — 850D (K, /i)J(h2))

1 o2y 2 DR, RINZ 5
YOG, (J h2y - h +2(—®(ﬁ’ﬁ) ) T(h )) (29)

When /i — 0, we have 9305 Q (1, h) = O (h*) because Qin=0n1=02,=0n2=
0. Moreover, using

DR, R)

Dk, k)~2k, DK, HY—2K:D K, K) = OK>), 9Dk, h) = O(1)
D(h, h)

1
o and J"(R?) ~ 605 - K2, J'(B%) ~2J5- K%, J(R*) ~ J5 - KO,
L

we see that the first line of (29) is a O (%), whereas the second line is 14—3’J3FL3 +O(h").
Therefore we have J3 = 14—3 limy_0 30505 Z (8, R). Finally, we obtain the expression
(27) of J3 using the relation Z (A, k) = Z(H. — ¥ (h), H. — ¥ (#)) and the fact that
-—1/3
Y(h) ~x; ""h whenv = v..
27 3)2/3 - 0.

Numerical computation gives J3 = 55 (5 O

Lemma 22 (Division by a symmetric Taylor series with no constant term). Let 11 (%, k)
and D (h, R) be two symmetric holomorphic functions defined in a neighborhood of
(0, 0). Assume that (0, 0) is a simple zero of D, that is, D(0,0) = 0 and 3,0 (0,0) =
05D (0,0) # 0. Then there is a unique pair of holomorphic functions Q(h, k) and J (r)
in neighborhoods of (0, 0) and 0 respectively, such that Q is symmetric and

NG, k)Y = Q(h, k) - Dk, k) + T (hE). (30)

Remark 23. When @ (0, 0) = 0, the ratio %((/;1 7;)) between two Taylor series 11(/2, £) and
D (h, k) does not in general have a Taylor expansion at (0, 0). The above lemma gives a
way to decompose the ratio into the sum of a Taylor series Q(/, £) and a singular part

% whose numerator is determined by an univariate function. The lemma deals with

the case where 71(/i, £) and D (/i, k) are symmetric, and the zero of D (/i, £) at (0, 0) is
simple. The following remarks discuss how the lemma would change if one modifies its
conditions.

1. In (30), instead of requiring Q (£, &) to be symmetric, we can require the remainder
term to not depend on £. Then the decomposition would become 71 (2, k) = Q(h, k) -
D(hk, B) + J(h2). Notice that the remainder term does not have any odd power of
h, which is a constraint due to the symmetry of 71 and @. Without the assumption
that 71 and @ are symmetric, we would have a decomposition 11(/i, ) = Q(h, k) -
D(h, k) + J () where the remainder is a general Taylor series J(/i). The proof of
Lemma 22 can be adapted easily to treat the non-symmetric case.

2.1If (0, 0) is a zero of order n > 1 of @ (that is, all the partial derivatives of @ up
to order n — 1 vanishes at (0, 0), while at least one partial derivative of order n is
nonzero), then one can prove a division formula similar to (30), but with a different
remainder term. For example, when n = 2, the remainder term can be written as
JU(REY - (R + R) + Jo(RR) if 97D (0,0) # 0, or as J3(s + 1) if 37D (0, 0) = 0 but
059D (0, 0) # 0.
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3. As we will see in the proof below, the decomposition (30) can be made in the sense
of formal power series without using the convergence of the Taylor series of 77 and
@ . (In fact this is the easiest way to construct Q(/2, £) and J (r).) The decomposition
(30) will be used in the proof of Proposition 24 to establish asymptotics expansions
of Z(h, k) = g((’g% when (f, £) — (0, 0). For this purpose, it is not necessary to
know that the series Q(%, £) and J(r) are convergent. Everything can be done by
viewing (30) as an asymptotic expansion with a remainder term O (max (||, |£|)")
for an arbitrary n. However, we find that presenting Q(fi, £) and J(r) as analytic
functions is conceptually simpler. For this reason, we will still prove that the series
Q(h, k) and J (r) are convergent even if it is not absolutely necessary for the rest of
this paper.

Proof. The proof comes in two steps: first we construct order by order two series Q (2, %)
and J (r) which satisfy (30) in the sense of formal power series, and then we show that
these series do converge in a neighborhood of the origin.

We approach the construction of Q(/2, £) and J (r) as formal power series as follows:
Assume first that Q(#, £) and J(r) are given together with the assumptions of the
theorem. In that case, for all n > 0, let D, (s, t) = [A"]D (As, At), and similarly define
1, (s, t) and Q,(s, t). By construction, @, 11,, and Q,, are homogeneous polynomials
of degree n. The assumptions of the lemma ensure that @, and 71, are symmetric,
Do =0, and D (s, t) = dy,0(s +1t) where dy o := 9, (0, 0) # 0. On the other hand,
let J; = [rl]](r). Then (30) is equivalent to

Ny = D1Qp—t + (D20n-2+-+Dy00) + Ji- 58) - Lyeniiseven (31

for all n > 0. Let us show that this recursion relation indeed uniquely determines Q,
and Jj, such that Q, (s, t) is a homogeneous polynomial of degree n and J; € C. When
n =0, (31) gives Jo = 1y € C. When n > 1, we assume as induction hypothesis that
QO (s, t) is a symmetric homogeneous polynomial of degree m for all m < n. Then (31)
can be written as

Ny =dio(s+1)- Qu1+Ji-(s) - Lyzariseven s

where 17, := N,, — (D Qn_2+---+D,0Qp) is a symmetric homogeneous polynomial
of degree n. By the fundamental theorem of symmetric polynomials, a bivariate sym-
metric polynomial can be written uniquely as a polynomial of the elementary symmetric
polynomials s +¢ and st. Isolating the terms of degree zero in s + ¢, we deduce that there
is a unique pair Q,—1(s, t) and fn (r) such that Q,,_1 (s, t) is symmetric, and

Nu(s, 1) =d1o(s +1) - Qu_i(s, 1) + Ju(s1) .

Moreover, since 11, (s, t) is homogeneous of degree n, the polynomials Q,_1(s, t) and
Jn(st) must be homogeneous of degree n — 1 and n respectively. When n is odd, this
implies f,, (st) = 0, and when n = 2/ is even, we must have fn (st)y=1J;- (st)l for some
J; € C. By induction, this completes the construction of Q, (s, t) and J; € C, such that
the series defined by Q(As, At) = Y, Ou(s, )A" and J(r) = ), Jir! satisfy (30) in
the sense of formal power series.

Now let us show that the series J (r) has a strictly positive radius of convergence. Since
®(0,0) = 0 and 9;0(0,0) = 9:D(0,0) # 0, by the implicit function theorem, the
equation D (#, i (h)) = 0 defines locally a holomorphic function £ such that fE(O) =0
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and £/ (0) = —1.In particular, £ - A(R) has a Taylor expansion with leading term —£A2,
so the inverse function theorem ensures that there exists a holomorphic function ¢ such
that s2 = @(s) - A(p(s)) near s = 0. Taking i = ¢(s) and £ = A(p(s)) in (30) gives
that

1 (p(). o)) = I 7

in the sense of formal power series. Since 11, £ and ¢ are all locally holomorphic, the
series on both sides have a strictly positive radius of convergence.

It remains to prove that Q (%2, £) also converges in a neighborhood of the origin. Even
though @ (0, 0) = 0, the Taylor series of X (/i, £) still has a multiplicative inverse in the
space of formal Laurent series C((x))[y]l. Therefore we can rearrange Equation (30) to
obtain in that space

NG, B — J(hE)

O, k) = I

The right hand side, which will be denoted by f (1, £) below, is a holomorphic function
in a neighborhood of (0, 0) outside the zero set of @ (/i, £). As seen in the previous
paragraph, this zero set is locally the graph of the function k() ~ —h when A — 0.
It follows that there exists § > 0 such that f is holomorphic in a neighborhood of
(535 \ Dys) x ﬁg, where ﬁgg \ Dys is the closed annulus of outer and inner radii 36
and 26 centered at the origin. The usual Cauchy integral formula for the coefficient of
Laurent series gives

Omn = (—1 )255 o (55 O r )~ yf . ﬁ))
m,n . ” l
’ 2 aD; pn+l D hm+1 Dy Nt /’m+l

However, by construction, the Laurent series ), ., Om,»/A™ does not contain any neg-
ative power of /1. This implies that the integral over dlD,; in the above formula has zero
contribution. Therefore we have

1\* dh dk
|Qm,n| = E ADs x 3D Wf(ﬁv k)

It follows that the series Q(f, £) = Y. O .nA™A" converges in a neighborhood of
0, 0). O

<385 sup |fl.
0Dz x 0Dg

Proposition 24 (Asymptotic expansions of Z(u, v)). Let € = €(v, 0) > 0 be a value for
which the holomorphicity result of Proposition 12 and the bound in Corollary 16 hold.
Then for (x, y) varying in A x A, (When v > v.) or A, x Aég (When1 < v < v,),
we have

Z(uex, ucy) = Z8_(x, ) + Auex) - (1 = ) + O((1 — y)@0*)

reg
forx #land asy—1, (32)
Auex) = Apeg(x) +b - (1 — )™ + 0((1 — x)o‘1+8) asx — 1, (33)
Z(uex, ucy) = Z2g (%, y) +b - Znon(1 = x, 1 — y) + O (max(|1 — x|, |1 — y)****)

as (x,y) —> (1, 1), (34)
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where b = b(v) is a number determined by the nonzero constants Z33, J1 and J3 in
Lemma 21, and Znon (s, t) is a homogeneous function of order o (i.e. Znom(AS, At) =
A2 Znom(s, t) for all . > 0) that only depends on the phase of the model. Explicitly:

Z33(v) whenv > v, $326312 whenv > v,
b(w) =14 J1(v) when v € (1, ve) and  Znon(s,t) = % whenv € (1, v.)

—J3(ve) whenv = v, ﬁ when v = v..

On the other hand, Z](fle)g(x, V) = Z(ucx,uc) — 0y Z(ucx, uc) - ue - (1 — y) is an affine
function of y satisfying

Z(uex,ue) = O(1)  and  3,Z(uex,ue) = O((1 —x)""?)  whenx — 1,
(35)
whereas Areq(x) is an affine function of x, and Z](_,ze)g (x,y) = Zéle)g (x, y)+Z;(fle)g (y,x)—
P(x,y) forsome polynomial P (x, y) thatis affine in both x andy. The functions Ayeg(x)
and P (x, y) will be given in the proof of the proposition.

Remark 25. For a fixed x, (32) is an univariate asymptotic expansion in the variable y.
It has the form

(analytic function of y near y = 1) + constant - (1 — y)* + o((1 — y)*0),

which makes it a suitable input to the classical transfer theorem of analytic combinatorics.
More precisely, when we extract the coefficient of [ y?] from (32) using contour integrals
on d A, the contribution of the first term will be exponentially small in g, whereas the
contributions of the second and the third terms will be of order ¢ ~**! and o(g ~@0*D),
respectively. Similar remarks can be made for (33) with respect to the variable x.

The asymptotic expansion (34) has a form that generalizes (32) and (33) in the

bivariate case. Instead of being analytic with respect to x or y, the first term Z](_}e)g (x,y)
is a linear combination of terms of the form F(x)G(y) or G(x)F(y), where F(x) is
analytic in a neighborhood of x = 1, and G (x) is locally integrable on the contour d A¢
near x = 1. (The local integrability is a consequence of (35).) As we will see in Sect. 5.2,
a term of this form will have an exponentially small contribution to the coefficient of
[x?y?] in the diagonal limit where p, ¢ — oo and that g/ p is bounded away from 0 and
00. On the other hand, the homogeneous function Zy o, (1 —x, 1 — y) is a generalization
of the power functions (1 — y)* and (1 — x)*! of the univariate case. Indeed, the only
homogeneous functions of order « of one variable s are constant multiples of s*. We
will see in Sect. 5.2 that the term Zyon(1 — x, 1 — y) gives the dominant contribution
of order p~(®2*2) to the coefficient of [x”y?] in the diagonal limit.

Proof. First consider the non-critical temperatures v % v.. In this case we have § = 1/2,
and the definition of Z (/, £) reads Z(ucx, ucy) = Z((1 — x)1/2, (1 — y)1/2). As seen
in the proof of Lemma 21, for any 2 # 0 close to zero, the function £ +— Z(f, k) is
analytic at # = 0 and satisfies d;Z (1, 0) = 0. Hence it has a Taylor expansion of the
form

1 1
Zh,B) = Z(K,0) + 58,,?,2?(&, 0)- A%+ 83,32:(/&, 0)- A3+ O0KY).
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Plugging i = (1 —x)'/? and £ = (1 — y)!/? into the above formula gives the expansion
(32) with ag = 3/2, Z{g(x, y) = Z((1 —0)"/2,0) + $82Z((1 — )'/2,0) - (1 — ),
and

Aucx) = -3,22((1 0'2,0).

We can identify the coefficients in the affine function y de)g(x, y) as Z((1 —
0)V2,0) = Z(uex, ue) and F92Z((1 — x)1/2,0) = —uc - 3y Z(ucx, uc). The first term
is continuous at x = 1, thus of order O (1) when x — 1. For the second asymptotics of
(35), it suffices to show that 37 Z (£, 0) = O (A~ ").

Low temperatures (v > v.). In this case, Z(h, k) = Zm’n Lm.n A"R" with Z1 , =
Zn.1 = 0. Hence

Aex) = Y Zp sl =" = Zo3+ Zo3- (1=0) +Z33- (A =0¥2+0 (1 =22 ,
m#1

which gives the expansion (33) with a1 = 3/2, Ayeg(x) = Zo3 + %23 - (1 — x) and
b = Z33 > 0. Moreover, since £ is analytic at (0, 0), we have obviously BI%Z(/i, 0) =
O(1), which is also an O (A~ 1).

On the other hand, by regrouping terms in the expansion Z (i, £) = Zm n Lmn RR",
one can write

Zh R =Y Zoh"™+Y_ Zonh" —Zoo+ Y Zmah™ - K>

m=>0 n>0 m>2
3 Zo R = Zoa PR+ Z3 3 BPK + 0 (max(lﬁl, |fe|)7) .
n>2

After plugging in i = (1 — x)"/? and £ = (1 — y)!/2, we can identify the first line on

the right hand side as Z2g (x, y) = Z425 (x, y) + Z85 (v, x) — P(x, y) with P(x, y) =
Zoo+Zoo-(1 —x)+Zoz- (1 —y)+Zyp- (1 —x)(1 —y). The term Z3 3 A3 A3
becomes b - (1 — x)3/%(1 — y)3/2. Thus we obtain the expansion (34) with ap = 3 and
Znon(s, 1) = 5324312,

High temperatures (1 < v < v.). In this case, we have Z(h, k) = Q(h, k) + 5((2’*/3
Straightforward computation gives that

21Hk? %Dk, 0)

2Z(h,0)=d>0h,0) + ——— — L
L (h, 0) ; O(h, )+@(ﬁ,0) mn Dk, 0)2

6343 5 WDk, 0)

BZ(h,0) =030, 0 —6HRY
2Z(h,0) =37 0k )+CD(/’ 0 Hh D02
Dk, 0) (3D (h,0))?

3k B ey SRV DT
@02 T T, 08

Using the fact that Q(/, £) is analytic at (0, 0), and D(/#,0) ~ £, 34D(0,0) = 1
and 37D (£, 0) = O(1) when i — 0, we see that 37Z(h,0) = O(A~"), whereas all
terms in the expansion of 8,?;22 (A, 0) are of order O (A1), except the last term, which is
asymptotically equivalent to 6J;/4 2. It follows that
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Auex) = —a,?z«l 020 =s-0-0"+0 ((1 _x>—1/2) :

which gives the expansion (33) with @) = —1, Areg(x) =0and b = J; > 0.

On the other hand, Corollary 16 and the relations I-VIC — H ~ cst - fi and I-VIC —
K ~ cst - £ imply that max(|/i|, |£|) is bounded by a constant times |/ + £| when
(x,y) = (1, 1) in A¢ x Ac . It follows that

1
- il 16D ~")
—— = 0 (max(IAl. 1]
and L _ ! ~ ' Lom. a6
DR h+h+O0((h+R)?)  h+k '
From these we deduce that % = ﬂl,k + O (max(|A], |£])?). Thus we can regroup

terms in the decomposition Z (2, k) = Q(h, k) + %Egﬁﬁ)) to get

Jihk
-+ O
h+k

Z(h, ) =) OQmoh™ +)_ Qonk" — Qoo+

m>0 n>0

(max(lal, 1£)?)

After plugging in & = (1 — x)"/? and £ = (1 — y)!/2, we can identify the first three

terms on the right hand side as Z(z)g(x y) = Z(rle)g(x, y) + Z(rle)g(y, x) — Qoouptoa

J1hih 1-x)1/2(1—y)!/2
term of order O (max(|1 — x|, |1 — y|)). The term 7= becomes b - %
. . 1/2,1/2
Thus we obtain (34) with oy = 1/2 and Zyonm(s, t) = W

Critical temperature (v = v.). At the critical temperature, § = 1/3 and the definition
of Z(h, k) reads Z(uex, ucy) = Z((1 —x)13, (1 — y)!/3). In this case, £ — Z(f, k)
has a Taylor expansion of the form

Zh, B = Z(h,0)+— ak:z:(/i 0) - fé3+—3 ' Z(h,0) - £* + O(R),

because 95 Z (h,0) = 97Z(h,0) = 0. Plugging A = (1 —x)3 and £ = (1 — y)!/3
into the above formula gives (32) with ap = 4/3, Z5(x, y) = Z((1 — x)1/3,0) +
23Z((1—x0)13,0)- (1 —y),and

1
Auex) = ﬁa;}z((l —x0)13)0).

As in the non-critical case, we identify £ ((1 — )13,0) = Z(uex, ue) and %32;22((1 —
)3, 0) = —uc - 0y Z(uex, ue). The first term is still continuous at x = 1, thus of order
O(1) when x — 1. Let us show that 82% (i, 0) is analytic at 4 = 0 so that the second
term is also continuous. )

From the expansion Z (i, k) = Q(h, k) + % with J1 = J, =0and Q1 , =
Q2., = 0 for all n, we obtain

6J3h3
P Z(h.0)=d>0(h.0
h ( ) ) /;Q(la )+CD(/‘;_,O)
1 Jah? D (h, 0)
—rZ(h,0) = + J — KR
5208 % (1, 0) = Qo4 D Ona 2.0 " Doy

m=>3
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Recall that D (A, 0) ~ fi and 95D (0, 0) = 1. Then it is not hard to see that Bgz(ﬁ, 0) is
analytic at 4 = 0. On the other hand, the second and the third terms in the expansion of
2—143222 (i, 0) are O(/3), whereas the last term is equivalent to J3/2. It follows that

Aler) = S Z( = 0,0 = Qo —Js- (1= 0+ 0 (01— x) |

which gives the expansion (33) with @) = 1/3, Areg(x) = Qo4 and b = —J3 < 0.
As in the high temperature case, we still have the estimate (36) when (%2, £) — (0, 0)

such that the corresponding (x, y) variesin ‘A x A.. Moreover, at the critical temperature

we have J1 = J, = 0and Q1, = QOu1 = Q2.n = Qn2 = 0 for all n. Therefore

3
@J ((2’?) = 13,%? +0 (max(|f1|, |R |)6), and we can regroup terms in the decomposition
J (kA
Z(h, k) = Q(h, k) + Z50% to get

Z(h R =) Omol™ + ) Qouh" = Qoo+ Y Quah™ A+ Q3,h" - A2

m=>0 n>0 m>3 n>3
J3(hA)3

EACD +O(max(|/i|,|ﬁ,|)6)
h+hk

Afterpluggingin/i = (1—x)'/3and £ = (1—y)!/3, we can identify the terms on the first
line of the right hand side as Zéze)g(x, y) = Z(rle)g(x, y)+Z](_,le)g(y, x)—P(x, y)uptoaterm
of order O (max(|l — x|, |1 — y|)2),where P(x,y) = Q0,0+03,0-(1=x)+Qp3-(1=y).

5 4)3 _ —y . .
The term % becomes —b - % Thus we obtain (34) with o = 5/3

—st
and Zhom(S, t) = m O
Corollary 26. The function x +— A(u.x) has an analytic continuation on A..

Proof. We have seen in the proof of Proposition 24 that A(u.x) = %B,Z”z ((1=x)%,0),
where m = % + 1 is equal to 3 when v # v,, and equal to 4 when v = v.. The change
of variable 4 = (1 — x)® defines a conformal bijection from x € A, to some simply
connected domain U, whose boundary contains the point & = 0.

In the proof of Lemma 21, we have shown that the mapping h +— i = (1—% (H.—h))°
has an analytic inverse ¥ (£) in a neighborhood of / = 0 such that Z (#, ) = Z(H,. —
v (h), I—VIC — (k). Let W(h) = I:IC — ¥ (h), then W is a local analytic inverse of the
mapping H — (1 — )?(H))a, and

Z(h, B = Z(W(R), W (R)). (37)

By Lemma 14, X defines a conformal bijection from #. to A.. On the other hand,
x > (1 —x)% is a conformal bijection from A to U,. It follows that W can be extended
to a conformal bijection from U, to #.

Now fix some x, € A, and the corresponding /i, = (1 — x4)° € U, and H, =
W (fy) € He. Let K C #H be acompact neighborhood of H,.. According to Remark 20,
there exists an open set ¢ containing # such that 7 is holomorphic in K x V. As
I:IC € ¥, this implies in particular that 7 is analytic at (Hy, ﬁc). Since W (fi,) = H,
and ¥ (0) = I-VIC, and we have seen that W is analytic at both /2, and 0, the relation (37)
implies that Z is analytic at (/i4, 0). It follows that A(u.x) = %8}{"22((1 —x)%,0) is
analytic at x = x,. |
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Corollary 27. A parametrization of x + A(u.x) is given by x = x(H) and

)?;%(23(1‘1) - %Zz(H)) when v # v,

A(H) = 5 .
)#(zum — BZ3(H)) whenv =,

where X, are defined as in Lemma 21, and Z,(H) are defined by the Taylor expansion
Z(H,H.— k)=, Z,(H)k".

Proof. We have seen in the previous proof that A(u.x) = ﬁaﬁz ((1 — x)%,0) with
m = 3if v % v, and m = 4 if v = v.. Moreover, £ satisfies Z (i, k) = Z(ﬁc —
Y (h), H. —yr(k)), where ¥ (h) is the local inverse of & — (1 — X (H, — h))3. Tt follows
that

(38)

v 1 v v
ACH) = Aue - 3(H) = — 37 (H. He = v ®) |y

Using the definition of the coefficients X, and the Lagrange inversion formula, it is not
hard to obtain that

Ak = 3R O whenv # v,
v =15

Sk — 3;‘;/3@2 +O0(£%) whenv =,.
3

Now plug k£ = (k) into Z(H, I-VIC -k =3, Zn(H)k”, and compute the Taylor
expansion in £ while taking into account the fact that Z 1(H) = 0forall vand 22 (H)=0
when v = v, (see Eq. (24)). According to (38), A(H ) is given by the coefficient of £
in this Taylor expansion. Explicit expansion gives the expressions in the statement of
the corollary. O

5. Coefficient Asymptotics of Z(u, v, v)—Proof of Theorem 2

Theorem 2 gives the asymptotics of z, ;, when p, ¢ — oo intworegimes: either p — o0
afterg — 0o, or p — ocoand g — oo simultaneously while g/ p stays in some compact
interval [Amin, Amax] € (0, 00). We will call the first case two-step asymptotics, and the
second case diagonal asymptotics. Let us prove the two cases separately.

5.1. Two-step asymptotics. At the critical temperature v = v, the two-step asymptotics
of z 4 has already been established in [20]. The basic idea is to apply the classical transfer
theorem [26, Corollary VI.1] to the function y — Z(u.x, u.y) to get the asymptotics
of z,, 4 when ¢ — o0, and then to the function x — A(u.x) to get the asymptotics of
ap when p — oo. Proposition 12 and 24 provide all the necessary input for extending
the same schema of proof to non-critical temperatures.

Proof of Theorem 2 — two-step asymptotics. According to Proposition 12, for any fixed
x € Ag, the function y = Z(u.x, u.y) is holomorphic in the A-domain A¢ g. And (32)
of Proposition 24 states that, as y — 1 in A, the dominant singular term in the
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asymptotic expansion of y > Z(ucx, ucy) is A(ucx) - (1 — y)®. It follows from the
transfer theorem that

o Alex)
g—oc I'(—a)

ul - Zy(uex) g~ @o*h (39)

(Recall that Z, (u) is the coefficient of v? in the generating function Z (u, v).) The above

asymptotics is valid for all x € A, \ {1}. It does not always hold at x = 1 because
A(u.) = oo in the high temperature regime. However, if we replace x by %x for some

arbitrary ug € (0, u.), then the asymptotics is valid for all x € A.. Then, by dividing
the asymptotics by the special case of itself at x = 1, we obtain the convergence

Z4(uox) A(ugpx)
Zg(ug) a7 A(uo)

for all x € A.. For each g, the left hand side is the generating function of a nonnegative

P,
sequence (MZOq f:&;) which always sums up to 1 (that is, a probability distribution
>0

on N). According to a general continuity theorem [26, Theorem IX.1], this implies the
convergence of the sequence term by term:

p p
Up " 2pgq Up - ap
Zy(up) 97> A(ug)

o0 '(—ap)
Multiplying this equivalence with the above convergence gives the asymptotics of z 4
when ¢ — oo in Theorem 2.
The asymptotics of a,, in Theorem 2 is a direct consequence of the transfer theorem,
given the asymptotic expansion (33) of x — A(u.x) in Proposition 24 and its A-
analyticity in Corollary 26. O

for all p > 0. On the other hand, (39) implies that uf - Z, (ug) ~ L0 . g=(@0o+D),
q

5.2. Diagonal asymptotics. In the diagonal limit, we have not found a general transfer
theorem in the literature that allows one to deduce asymptotics of the coefficients z, 4
from asymptotics of the generating function Z(u.x, u.y). However, it turns out that
with the ingredients given in Propositions 12 and 24, we can generalize the proof of
the classical transfer theorem in [26] to the diagonal limit in the case of the generating
function Z(u.x, u.y). Let us first describe (a simplified version of) the proof in [26],
before generalizing it to prove the diagonal asymptotics in Theorem 2:

Given a generating function F(x) = ), F,x" with a unique dominant singularity
at x = 1 and an analytic continuation up to the boundary of a A-domain A g, one first
expresses the coefficients of F(x) as contour integrals on the boundary of A,

1 F(x)

F,=— .
"2 oA, , Xt

Next, one shows that the integral on the circular part of A¢ g is exponentially small in n
and therefore
1 F(x)

Fr=o— - —erdx+0 (A+e)™),
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where Ve g = 0Ac¢ g\ (1+€)-0D is the rectilinear part of the contour d A¢  (see Fig. 5b).
Then one plugs the asymptotic expansion of F(x) when x — 1 into the integral. One
shows that any term that is analytic at x = 1 in the expansion will have an exponentially
small contribution, and terms of the order (1 —x)* and O ((1 — x)%) have contributions
of the order n~@*D and O (n~©@*D), respectively.

Proof of Theorem 2 — diagonal asymptotics. By Proposition 12, the function (x, y) —
Z(ucx,ucy) is holomorphic in A x KG,(;, and hence we can express the coefficient
[xPy911Z(ucx, ucy) as a double contour integral and deform the contours of integral to
the boundary of that domain. This gives

2
1 Z(uex, u
[7+61 g = : # (uc cy)dxdy.
2mi dA XA, XPH yat!

First, let us show that the contour integral can be restricted to a neighborhood of
the dominant singularity (x, y) = (1, 1) with an exponentially small error. Let V. =
dA¢ \ (1 +¢€) - 0D be the rectilinear portion of the contour dA.. It consists of two
oriented line segments living in the Riemann sphere with a branch cut along (1, 00).
Similarly, define Ve g = 0Ac g \ (1 +€) - dD. The two paths V. and V, g are depicted
in Fig. 5a-b. For all (x,y) € dA¢ x dA. 9, we have x| > 1 and |y| > 1. Moreover,
if (x,y) ¢ Ve x Vcp, then either [x] = 1 + € or |y| = 1 + €. Since Z(ucx, ucy) is
continuous on d A, x A, g, it follows that

Z(uex, ucy)
+14,q+1 dXdy
2mi OAxIA\(Vex Veg) XPT Y4

= ( ) sup | Z(uex, uey)l - (1+€)"™PD = 0 ((1+¢€) *min?)
27 ) (xy)edAcxdAs

where we assume without loss of generality Apin < 1, so that min(p, g) > Aminp
whenever ¢/p € [Amin, Amax]. Thus we can forget about the integral outside Ve x V¢ g
with an exponentially small error in the diagonal limit.

Using the expansion (34) in Proposition 24, we can decompose the integral on Ve x

Ve.p as
Z(Uex, ucy)
(27”> //vaee xprlya+l “opiiygrl 9¥dY = Ireg+ b fnon + Irem

where Ireg, Ihom and Iy are defined by replacing Z(u.x, u.y) in the integral on the
left hand side by Zreg(x ¥), Znom(l — x, 1 — y) and O(max(|]1 — x|, |1 — y|)*2*?)
respectively.

As mentioned in Remark 25, Z fe’g (x, ) is a linear combination of terms of the form
F(x)G(y) or G(x)F(y), where F is analytic in a neighborhood of 1, and G is integrable
on V. and V¢ g for € small enough. Consider the component of ;.4 corresponding to
one such term: the integral factorizes as

F)GQ) F(x) G(y)
‘//VEXV€.9 dedy B (‘/Ve xp*l P ) </Ve.9 ya+] dy) : (40)
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Vf VE
11 4+e+i0 —pe +1i0
1 11 +e—i0 —pe — 0 0
! pe — i
1
1
(1+e€) 0D, (1+¢)-0D,
(a) (b) (c) (d)

Fig. 5. The paths of integration Ve, Ve ¢ and Ve, Ve g

Since F is analytic in a neighborhood of 1, we can deform the contour of integration V,
in the first factor away from x = 1, so that it stays away from a disk of radius r > 1
centered at the origin. It follows that the integral is bounded as an O (» ~7). On the other
hand, the second integral is bounded by a constant | Vo |G(y)|d|y| < oo thanks to the

integrability of G on Ve g. Hence the left hand side of (40) is also an O(r 7). Since
I-c4 is a linear combination of terms of this form, we conclude that there exists r, > 1

such that Iyeg = O(ry ) when p, g — oo and % € [Amins Amax]-

Next, let us prove that Iy = O( p—a2+2+5) in the same limit. Consider the change
of variables s = p(1 —x) and t = p(1 — y), and denote by V. and {  respectively the
images of V. and V¢ ¢ under this change of variable, as in Fig. 5c—d. (Notice that these
paths now depend on p.) Then Iren can be written as

o // O (max(p~'Is|, p~"[e)*>**) dsds
T \2wi ) Moo, = pls)p (= prTnyart p2 -
On the one hand, there exists a constant C such that |O (max(p~'|s|, p~!|t[)*2*®)| <

C1-p~ @) (|s| +|¢t))** for all (s, 1) € Ve x Ve 9. On the other hand, since |s| < pe
and [t cos @] < pe forall (s, ?) € Ve X Ve g, and g > Apinp, it is not hard to see that

p+1 p+l
() |-ty
P P
q+1 q+1
(1 _ L) > (1 N |t|cos€) S (Ol
P p

for some constant C, > 0 that only depends on €, 8 and Ap;,. It follows that

C1 _ _
lrenl < =5 p (@242+5) // (Is] + [t])22*® e~ 2D g 5 |
Ve x €,0

and

The integral on the right hand side is bounded by the constant 4 [~ dry [~ dr, -
e~ 20 (r 4 19)®2%0 < 00, Hence Iren = O (p~(@2*249),

To estimate the term o, we make the same change of variables as for Iep. Since
Znom 18 homogeneous of order «;, we have

I . // P Znon(s, 1) dsdt
2T N2wi ) Moo, U= pTlo)pi(1 = p=Tnast p2
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Using again the fact that |s| < pe and |t|cosO < pe for (s,1) € V. x Veg, we
can expand in the denominator in the integral as (1 — p’ls)_(pﬂ) (1 — ’lt)_(qﬂ) =
exp (s + %Z) . (1 +0 (max(lp‘1s2|, |p_1t2|)). More precisely, the big-O means that

there exists a constant C3 depending only on €, 8 and Api, such that for all (s, t) €
V€ X Vg,g

— 1 —(g+1
(1_i> (P+)<1_£) (Q+)_es+%t
p p

Moreover, there exists C4 > 0 such that |es+Pl| < e~ C4UsHID for all (s, 1) € Ve x Ve g.
It follows that

_ 44 dsdt
Tnom — < ) // 2 Znon(s, 1) -e it
2mi e X Ve, H

1 . (Is|+1)? _ d|s|dlz]
— // P Zhon (s, )] - C3 = el S
VexVe,p P

<
= 4x2 p

Cs- p—(ﬁt2+3) // (Is] + |t|)<¥2+2e—c4(|é‘|+|f\)d|s| djz] .
€ XVe 0

(Is| +1eD*
p

q
< C3 gS+ ? t

IA

where for the last line we used the bound | Zyon (s, 1)| < cst - (|s] + |£)*?, which is a
consequence of the fact that Zyon (s, ) is homogeneous of order o and continuous on
Ve X Ve . The integral on the last line is bounded by 4 fooo dry fooo dry - e=Caltn+r)

(r1 +r2)**? < 0o. Thus we have

1\? ¢
]hom — p—(oz2+2) . (_) //ﬂ ZhOm(S7 l)es+ztdsdt +0 (p—(ot2+3)) )
2mi e X Ve.0

Let Y and Vs ¢ be obtained by extending the line segments in ¥ and Vg to rays

joining the origin to the infinity. Thanks to the exponentially decaying factor e‘H%t in
the above integral, one can replace the domain Ve x Vi ¢ of the integral by Voo X Vo 6
while committing an error that is exponentially small in p (recall that V¢ and V. o depend
on p). Therefore Inon = é(q/p) - p~ @2 + 0 (p~@®2*), where

1 \2
ch) = (—) // Znom(s, e dsdr .
2mi 50 X Vo6

With the previous estimates for /reg and Irem, we get
ucp+qu’q =b-¢(q/p) - p—(az+2) +0 <p—(a2+2+3)) .

where the big-O estimate is uniform for all p, g — oo such that ¢/p € [Amin, Amax]-

We finish the proof by computing ¢()) or, in the notation of Theorem 2, c(1) =
I'(—aog)I'(—aq) - ¢(1). Notice that the value of ¢(X) does not depend on the angle 6
appearing in the contour of integration /0 ¢.



834 L. Chen, J. Turunen

Low temperatures. Whenv > v.,wehave Znon(s, t) = $3/243/2 and Propositions 12 and 24
allow us take & = 0. Then the double integral defining ¢(}) factorizes as

1 1
c(h) = —/ s3/%e5ds | - —/ 32eMdr ) .
2mi Jy,, 2w Jy,,

After the change of variable ' = Ar in the second factor, the formula simplifies to

2
c(h) = <% f%os3/ 2gs ds) 273/2. Since the contour V5, lives in the Riemann sphere

with a branch cut along (—o0, 0), the function §3/2

branch with respect to this branch cut. Therefore

should be understood as its principal

1 1 e
— / §$32e5ds = — ((—r +i0)%? — (—r — i0)3/2) e "dr
’

2mi 2ri Jo
L (/2
- (—ir3/2 _ ir3/2) ordr — LG/
2ri Jo T

Recall that in the low temperature regime, &g = o1 = 3/2, and by Euler’s reflection
formula, I'(5/2)"(=3/2) = m. It follows that c(1) = I'(=3/2)% - (1) = A7/2.

. 1/2,1/2
High temperatures. When v € (1, v.), we have Zpon (s, t) = W and thus

1\’ s/ 1/2 it
~ _ S
c(k)—(—zm.) /Uooﬁ (/Uoo YT ds)t eMdr .

The inner integral can be expanded in a similar way as in the low temperature case

/ st2 o /00 (—r+i0)!/2 (—r —i0)!/2 _
————xe ds = — e 'dr
vy SV2 14172 o \Cri0Z+ 72~ (Sr—i0) /2 +11/2

0 irl/2 _irl2 . 00 9jp1/241/2 .
— _ —Tdr = —¢ 'dr.
/0 RV R—— VRN /0 rvr

Plugging the right hand side into the expression of ¢(A) and changing the order of the
integrals on r and on ¢ yield

1 00 1 - At
c(A) = —/ (—/ —edt) r2erar.
7 Jo \27i Ju,, r+t

. M . . .
The function 7 > ’ri ; is meromorphic on C and has a unique (simple) pole at t = —r,
with a residue of —r - e™*". By closing the contour ¥, ¢ far from the origin in the
direction of the negative real axis, we see that the integral on ¢ is given by —1 times the

residue. Therefore

L[ r(5/2
E(}\.) = —/ 7'3/26_(1+)L)rdr — ( / )(1 +)\')_5/2 '
T Jo T

In the high temperature regime, we have o9 = 3/2 and oy = —1. Thus c(A) =
C(=3/2)T(1) - &) = (1+1) 72,
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Critical temperature. When v = v, we have Zpon(s,t) = ﬁ and one can take
0 = 0. Inthe low and high temperature regimes, we have used the relation f%o fx)dx =

fooo (f(=r +i0) — f(—r —i0)) dr to expand integrals on V. By applying this relation
to the integral on s and the integral on ¢ simultaneously, we get

~ 1 : —s1 S+AL
c(h) = (%) //v‘mxv me dsdt
// ke (=r1r2)
< (=r1r
271 ) J0.002 (—ri+01-i0)B 1 (—rm +0y - i0)1/3 172

(o1 av)e( 1,+1)2

cem ) g drs

The principal branch of the function s'/3 prescribes that (—r £i0)!/3 = r1/3¢% 5. One
can check by direct computation that

31,8

» .
1. one 1P (—=ri+oy - i0)1/3 +(—rp+o0y - i0)1/3 r+nr

P i)
c(A) = < ) // - dridr.
(0,00)2 ry+nr

One can “factorize” this double integral using the relation r# = | e e
1+ 0

3 o0 o0 o0
c(h) = ——2/ / riwe*(“'r)”drl / r§/3e7()‘+r)r2dr2 dr
4= Jo 0 0

- —% /Oo (r(7/3) a +r)*7/3) (r(7/3) e +r)*7/3) dr
0

2
=—(£F(7/3)> / A+r)Bo+r)Rdr.
0

Therefore

21

When v = v, we have oy = 4/3 and o1 = 1/3. And by Euler’s reflection formula,
F(7/3)F( 4/3) m = f It follows that

c(A) =T(—4/3)I'(—1/3) - () = ;1/00(1 +r) "B+r)Rar.
0

6. Peeling Processes and Perimeter Processes

We recall first the essentials of the peeling process for Ising-triangulations with spins on
faces, introduced in [20]. The peeling process is the central object both in the construction
of the local limits and in the proofs of the local convergences. It can be viewed as a
deterministic exploration of a fixed map, driven by a peeling algorithm A. The basic
definition of the process is identical to that of [20], with the exception that in this work,
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Table 1. A summary of the choices of the peeling algorithm in each phase for proving the local convergences

Local convergence ve(l,ve) v € [ve, 00)
(d)
]P’;,q (H—oo> ]P’; A A-
(d)
]P}; p—o0 Pgo Am A -
(d) i
P Py A Al

—_—
P4 pg—o0
The peeling algorithms A+ and - are defined in Sect. 6.1, while A, is defined in Sect. 7.4. The notation
A refers to the variant of the peeling algorithm A which targets the vertex o' See the end of Sect. 6.1 for
definition

the peeling algorithm A is defined in a slightly different way. In particular, the algorithm
chooses an edge on the explored boundary instead of a vertex, and after revealing the
internal face incident to that edge, decides where to continue the peeling. Here, the
peeling process can be seen as a decorated map version of the (filled-in) simple peeling
of undecorated maps [17], where the peeling algorithm first chooses a boundary edge,
reveals a face adjacent to it, and finally decides the new unexplored part of the map
(in the case when the unexplored part is disconnected by the revealed face). While the
algorithm used in [20] still works in the low temperature regime, we will need different
algorithms in the high temperature regime, as explained in Sect. 7.4. We will also note
that, unlike in [20], the different peeling algorithms result different laws of the peeling
process.

Throughout this work we assume the following: if an Ising-triangulation has a bicol-
ored boundary, the algorithm A chooses an edge at the junction of the + and - boundary
segments on the boundary of the explored map. This edge may either have spin + or
-. It is easy to see that deletion of the chosen edge and exposure of the adjacent face
preserves the Dobrushin boundary condition of the map, while another type of a peeling
algorithm may complicate the boundary condition. Thus, we call such an algorithm A
Dobrushin-stable. We make the following convention: if the algorithm always chooses
a - edge to peel, we denote it by A _; otherwise if it always chooses a + edge, we denote
it by A, ; otherwise, the algorithm is “mixed”, choosing either type of the edges, and
denoted by A,.

The choice of the peeling algorithm in each of the temperature regime stems from
the different expected interface geometries in the respective regimes. At v = v., we
already saw in [20] that the peeling algorithm A_ is particularly well-suited, due to the
fact that we take the limit ¢ — oo first, after which there is an infinite — boundary. For
v > V., we can still make the same choice. However, for v € (1, v.), we will notice that
whether we choose the peeling to explore the left-most or the right-most interface from
the root p, the interface will stay close to the boundary of the half-plane. Thus, in order
to explore the local limit by roughly distance layers, we need to combine two different
explorations. This leads us to choose a mixed algorithm .A,,. In the first limit g — oo,
however, the simplest choice which works is A .

When we take the local limits ¢ — oo and p — oo one-by-one, we always peel
from a boundary with more - edges. This is to ensure the peeling process is compatible
with the ¢ = oo case. In the limit (p, g) — oo, it is more natural to peel from the
boundary which contains the vertex p' opposite to the root and at the junction of the
+ and - boundaries, which can be seen as a point in the infinity. For this purpose,
we introduce the target p' for the peeling. See the following subsection for a more
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/h = Lw Ry ins (k+K =q)
P, and P P, and P oo at low temperatures

+ + . ~ + A +
¢ L, Lo = Roo+k’ R‘p+k’

Fig. 6. Illustration of the peeling events. Only peeling events revealing a + face are included. Top: peeling
events in a finite triangulation with Dobrushin boundary condition. The ~ sign indicates different peeling
events which only differ by the choice of the unexplored component. Bottom: peeling events in a typical
infinite triangulation sampled from the laws P, or Poo. Each arrow indicates that the lower picture can be
obtained as a local limit of the upper picture either when ¢ — oo or when both p, g — oo

precise definition. A summary of the peeling algorithms and the existence of the target
is presented in Table 1.

In the following subsection, we define the versions of the peeling process used in this
work in the finite setting. After that, we generalize those for infinite Ising triangulations
of the half-plane, and study the properties of the associated perimeter processes.

6.1. Peeling of finite triangulations. Peeling along the left-most interface: peeling al-
gorithm A _. Assume that an Ising-triangulation (t, o) has at least one boundary edge
with spin -. In this case, the peeling algorithm A_ chooses the edge e with spin - im-
mediately on the left to the origin. We remove e and reveal the internal face f adjacent
toit. If f does not exist, then t is the edge map and (t, o) has a weight 1 or v. If f exists,
let % € {+, -} be the spin on f and v be the vertex at the corner of f not adjacent to e.
Then the possible positions of v are:

Event C*: v is not on the boundary of t;
Event Rz: v is at a distance k to the right of e on the boundary of t (0 < k < p);
Event L;: v is at a distance k to the left of e on the boundary of t (0 < k < ¢).

If p,g < oo, we also make the identification R* bk = L; 1> Which is useful in the

sequel. We define $ = {C*, CTIU{L}, Ly, Ry, Ry ¢ k > O} as the set of peeling events.
See Fig. 6 for graphical illustration of the peeling events.

The peeling process along the left-most interface J is constructed by iterating the
face-revealing operation described above, yielding an increasing sequence (e,)n>0 of
explored maps. In order to iterate the peeling, we apply a rule that chooses one of the
two unexplored regions, when the peeling step of type R} or L; separates the unexplored
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V = V¢ V> Ve

Fig. 7. Illustration of the interfaces explored by the different versions of the peeling process. Red: left-most
interface (explored by A-). Blue: right-most interface (explored by A+ ). Shades of green: interface explored
by Am

map into two pieces. Here, we assume that the boundary contains no target vertex which
determines the unexplored part (this case is treated separately later). In the case of
peeling along the left-most interface, the algorithm A_ chooses the unexplored region
with greater number of - boundary edges (and in case of a tie, the region on the right
is chosen). This in particular guarantees that when ¢ = oo and p < oo, we will choose
the unbounded region as the next unexplored map. See Fig. 7 for illustration.

We can use the sequence of explored maps (¢;),>0 as the definition of the peeling
process as follows. At each time n, the explored map e, consists of a subset of faces of
(t, o) containing at least the external face and separated from its complementary set by
a simple closed path. We view ¢, as a bicolored triangulation of a polygon with a special
uncolored, not necessarily triangular, internal face called the hole. It inherits its root and
its boundary condition from (t, o). The complement of e, is called the unexplored map
at time n and denoted by u,,. It is a bicolored triangulation of a polygon. Notice that u,
may be the edge map, in which case ¢, is simply (t, o) in which an edge is replaced
by an uncolored digon. This may, however, only happen at the last step of the peeling
process.

‘We apply this rule recursively starting from ug = (t, o). Ateach step, the construction
depends on the boundary condition of u,;:

1. If u, has a bichromatic Dobrushin boundary, let p, be the boundary junction vertex
of u,, with a - on its left and a + on its right (o9 = p). Then u,4 is obtained by
revealing the internal face of u,, adjacent to the boundary edge on the left of p, and,
if necessary, the algorithm chooses one of the two unexplored regions according to
the rule described above.

2. If u, has a monochromatic boundary condition of spin -, then the peeling algo-
rithm A_ chooses the boundary edge with the vertex p, as an endpoint according
to some deterministic function of the explored map e,, which we specify later in
Sects. 7.3 and 7.4. We then construct u,,+1 from u, and p, in the same way as in the
previous case.

3. If u, has a monochromatic boundary condition of spin + or has no internal face, then
we set ¢,+1 = (t, 0) and terminate the peeling process at time n + 1.

We denote the law of this peeling process by P;, q = Pp.q» Where on the right we have
dropped the dependence of v in order to ease the notation and continue to do so in the
sequel (with the exception of Sect. 6.3, where the index v will be included for clarity).
Let (P,, Q,) be the boundary condition of u,, and (X, Y,) = (P, — Py, On — Qo).

Also, let S5, € & denote the peeling event that occurred when constructing u, from
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Table 2. Law of the first peeling event S| under P, 411 and the corresponding (X1, Y1), where the peeling

is without target

s Ppg+1(S1=5) (X1.11) s Ppg+1(S1=s)  (X1,Y))

c* Z*jj @, -1 c” vt Zgﬁ ©, 1)

L} z*’*‘l‘fixl‘k (1, —k—1) Ly mzl"f*i*% 0.-k  O0<k<%
R 0 TS (k] ) Rp vt RELAEL ok 0)  (0<k=p)
Rk 7ZP*§;f;i-]q*k (—p+1.—k=1) Ry, v 711’-"*;[7 f;)fl*k” (—p.—k) O<k<%

We use the shorthand notations 1 = 7 (v) and zp 4 = zp,4(t, V)

Table 3. Law of the first peeling event S1 under P p+l,q and the corresponding (X1, Y1), where the peeling
is without target

s Pp+1,4(S1=s) (X1, YD s Ppi1g(S1=s) X1, YD)
+ ip+2.q - ip,q+2 _
C vt Tl (1,0) C t Tl (-1,2)
. Tpal,g—k 21,k B _ Zp,q—k+1 20,k+1 1 <k <4
Ly vt g 0, —k) L t BT (=1, —k+1) 0O<k< 5)
+ 2k+1,0 Zp—k+l.q _ - Zk,1 Zp—k,g+1 . <k <
Ry vt BT (—k,0) Ry t il (=k—1,1) O<k<p)
+ Ip+lk Z1,q9—k o - Zpk+1 20,g—k+1 o1 q
Rp+k Ty (—p, —k) Rp+k t721)+l,q (—p—L—-k+1) O<k<3)
s Po.g+1(S1 =s) s Po,g+1(S1 = s)
co* ¢ 22,q c- 30,q+2
20,q+1 20,q+1
+ 21,g—k 21k - 20,g—k+1 20,k+1
Ly 20,q+1 L v 20,g+1
R Zl,fé 2l,9—k RT vt ZO‘k+”l 20,9 —k+1
k 20,g+1 k 20,g+1

Due to the possibility that there is no + edge on the boundary, we also present the step probabilities under the
law Pg 4+1. The notational conventions coincide with Table 2

u,—1. Then the peeling process following the left-most interface can also be defined as
the random process (S;),>0 on S, with the law P p.q- We view the above quantities as
random variables defined on the sample space Q = BT = | J v BT p,q- In the sequel,
one should understand that any of the sequences (¢,),>0, (4:)n>0 and (S,),>0 can be
viewed as the peeling process, since together with the boundary condition, they contain
the same essential information. Table 2 collects the distribution of the first peeling step
S1 and the associated perimeter change in the peeling process driven by A _.

Peeling along the right-most interface: peeling algorithm A ... The peeling process along
the right-most interface is similar to the previous one, except that the algorithm A,
chooses the + edge adjacent to p, if possible. Again, in case there are more than one
holes, the algorithm fills in the one with less - edges by an independent Boltzmann
Ising-triangulation, and if the hole has a monochromatic - boundary, the peeling con-
tinues on that according to some deterministic function. A small subtlety here is that
the distribution of this peeling process differs from the previous one, such that the step
distribution involves a spin-flip due to the deleted boundary edge of different spin. In
particular, we also need to take into account that the peeling algorithm chooses a - edge
if the unexplored part has a monochromatic boundary. We denote the distribution of
Eltlizlpe3eling by B, , = B4 For the explicit probabilities of the first peeling step, see
able 3.
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Table 4. Law of the first peeling event Sy under P, and the corresponding (X1, Y1), where the peeling is
without target

s Pp(S; =s) (X1, YD) s Pp(S; =s) (X1, YD)

c* ' “g—;z u @2, -1 c- B 0, 1)

L} t “g—;‘ k1, —k—1) Ly vizo ek 0, —k) k > 0)

R} 12k41.0 “’;% u  (—k+1,-1) Ry Vizg1 "5;" (—k, 0) O<k<5
Ryt 12p—k+1,0 “g;l wo (—prk+l =D Ry vizpg fj—ﬁ (—p+k0) O=<k<5
Rig  12p+lk 3717 uktl (—p+ 1 —k—1) Rppp  ViZpkel }g uk (=p.—k)  (k>0)

We use the shorthand notations 7 = #c(v), u = uc(v), zp k = 2p (¢, v) and ap = ap(v). Note the cutoff p/2
in the finite boundary segment, which is used for the convergence p — oo in the v > v, regime (see Table 5)

Peeling with the target p'. Let A be any Dobrushin-stable peeling algorithm (in the
sense of the previous paragraphs). Considering the local limits when p, ¢ — oo simul-
taneously, it is convenient to define a peeling process with a target, where the target is the
vertex p' at the junction of the — and + boundaries opposite to p. The definition of this
peeling process is as in the previous paragraphs, except when the peeling step separates
the unexplored map into two pieces: in this case, the unexplored part corresponds to the
one containing p, and the other one is filled. If p* is contained in both of the separated
regions, the one with more - edges is chosen for the unexplored part. We denote by A
this targeted variant of the peeling algorithm A .

6.2. Peeling of infinite triangulations. Obtaining the limits of the peeling process for
a general temperature v is just a straightforward generalization of the analysis in our
previous work [20]. Indeed, the asymptotics of Theorem 2 give the limit according to the
recipe given in [20]. The first limit ¢ — oo yields exactly the same form for the peeling
process, where the step probabilities only depend on v. Following the notation of [20],
let P;(Sl =) = limy_ o szq(sl =s)and P} (S = s) :=limp_ 0 P;(Sl = s).
We again make the shorthand conventions P}, = P, and Pt = Poo Which we continue
to use in the sequel except in Sect. 6.3. The quantities after the first limit ¢ — oo are
collected in Table 4.

Taking the second limit p — oo yields a similar peeling process forall 1 < v < v,
but for v > v, the asymptotics of Theorem 2 yield additional non-trivial peeling events.
Indeed, since the perimeter exponents ag and «y of z x and a;, coincide in that case,
the probabilities P,(S1 = R; 1) and P,(S) = R; 1) have non-trivial limits when
p — oo. For that reason, when p = oo or ¢ = oo, we identify p' with oo and introduce
the following additional peeling step events:

Event R’ _,: v is at a distance & to the right of oo on the boundary of t, viewed from
the origin (0 < k < o0);

Event L;of PR is at a distance k to the left of oo on the boundary of t, viewed from the
origin (0 < k < 00).

LetS =S U (R4 Lio_p o * € {+, -}, k > 0}. Observe that the set & in [20]
corresponds to the set S here. We make the identification RY . = L% .4 as well as the
convention P, ,(S; = R} _,,) = P,(S1 = R} ,,) = 0. Thus, the peeling process can
always be defined on &.
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Table 5. Law of the first peeling event S| under P, and the corresponding (X1, Y1), where the peeling is
without target

s Pxo(S1 = s) (X1, Y s Poo(S1 = s) (X1, Y

c* L 2,-1 c” u 0,1

L 1ukzy g a,—k—1) L; viukzg 141 0, —k) (k= 0)
R} 1tk 2510 (—k+1,-1) Ry viukzy 4 (—k, 0) k> 0)
R, Rapqufl,sy,  (—o0, 1) Ry,  aguki.,, (=00, 0) (k > 0)
Rl prapufiys, (—00.—k—1) R,  aqufl,s, (-0, —k)  (k>0)

‘We have the same shorthand notation as in the previous tables as well as b = b(v)

Table 6. Laws of S| under P p+1 (p > 0) and Poo. respectively, obtained by taking two successive limits in
Table 3

s B,11(S1 =5) X1,Y1) s B,11(S1 =59) (X1, Y1)

ct gk (1,0) gk (-1,2)

Lt vizy guk (0, —k) Ly 120,541 aiﬁl k=l (=1, —k+ 1) k > 0)

R viEmelo ot RO Ry rmages (—k=1,1) O<k<p
R;Jrk VIZpil k m uk  (—p.—k) Rk 1Zpksl % k=l (—p—1,—k+1)  (k>0)

S Py (S| =s) X1, YD s P (S| =s) (X1, YD)

c* u (1,0) c L (-1,2)

L; viukzy g (0, —k) L 1uk 20 k41 (-1, =k +1)

R} viukzie 0 (—k, 0) R; tukzp (=k—1,1)

The peeling is without target. Since we only need this distribution in the high temperature regime v € (1, v¢),
the bottleneck events are omitted

We define Poo (S| = R ;) :=lim,_ 00 Pp(S) = R 1) and Po(S1 = R4 4) i=
lim, . Pp(S1 = Rpik) The events R;oik and R, can be viewed as jumps of the
peeling process to the vicinity of oco. This property of infinite jumps results a positive
probability of bottlenecks in the local limit when v > v.. See Sect. 7.3 for a more
precise analysis of the local limit structure in the low temperature regime. The peeling
step probabilities for p, g = oo are collected in Table 5.

The proof that P, defines a probability distribution on & goes similarly as in [20,
Lemma 6], as well as that P, is a probability distribution on & for 1 < v < v,. For
v > v, the total probability from Table 5 sums to

0

7 I‘j+a
0w Lz w+ e me T AGu) —ap) )

t(v+1)

which is shown to be equal to one either by a coefficient extraction argument similar to
the one of [20, Lemma 6], or by a computer algebra calculation.
It follows that P, and Py, respectively, can be extended to the distribution of the

peeling process (S;)n>0, and we have the convergence P, 4 q_)—oo> P, pT) P in

distribution, where P, and P, satisfy the spatial Markov property (see [20, Proposition 2,
Corollary 7]). By symmetric arguments, we recall the same properties for the laws P »
and P, which are obtained as the distributional limits of B, ;. The explicit laws of the
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Fig. 8. The graph of the order parameter ©

first peeling step are collected in Table 6. The expectations corresponding to P and P are
called E and E, respectively.
By the diagonal asymptotics part of Theorem 2, it is also easy to see that convergences

(@) A ) 4 . :
Ppg PR Pso and Pp 4 TRy P hold for every appropriate v. More precisely,

since the coefficient function A > c¢(}) is continuous on every interval bounded away
g—m
c —
from zero for every fixed v € (1, 0o0), we conclude that lim, 4, o0 @
(e
P
fixed k, m € Z when q/p € [Amin, *max], and the convergence of the one-step peeling

transition probabilities follows. The rest is a repetition of the proof of the convergence

= 1 for any

6.3. Order parameters and connections to pure gravity. Using the information in Ta-
ble 5, it is not hard to express the order parameter ©(v) defined in Proposition 5. We
obtain the following formula:

OW) := EL (X1 + YD1 x, vy <c0)

Zo(uc(v))
= W+ D1 ) | ———= = Ziuc(v)) — ucW) Zj (ue()) ) .
uc(v)
Above, the cases | X 1| = oo and |Y]| = oo may appear if v > v,, and the latter only if

we consider the peeling with target p'. We have discussed in the introduction that © is
an order parameter for the phase transition around v = v, Its properties are collected in
Proposition 5. See also Fig. 8 for the graph of ©.
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The proof of Proposition 5 is a computation by a computer algebra, presented in [32].
Note that © is discontinuous at v = v, and that O(v) = Ef (X1 + Y1) for 1 < v < ..
Moreover, the above drift condition in this regime shows that the peeling process started
from the - edge next to the origin drifts to the left, swallowing the - boundary piece by
piece. By symmetry, we also obtain ﬁgo(Yl) = E; (X1) and EEO(X]) = E; (Y1), which
in turn yield that the peeling process following the right-most interface drifts to the right.
In Sect. 7.4, we will use these properties to modify the peeling algorithm so that the
peeling process will explore a neighborhood of the origin in a metric sense, which will
be enough to construct the local limit in the high temperature regime.

Remark 28. There is another, and perhaps more natural, order parameter
O) := PL(IX1] Vv [¥1] = 00)

0 if 1<v=<vy,

S0 +a1 ()

W+ Dit.(v) <% (A(u,v) — ao(v))> it v> .

It is easy to see that © is continuous at v = v,. This order parameter is the probability
of the occurrence of a finite bottleneck in a single peeling step in the (to-be-constructed)

local limit P} . It can also be shown to be increasing and have the limit ‘1/—25 as v — oo.
However, since the order parameter © encapsulates all what we need in the proofs of the
local convergences, © is not studied further in this work. Its only non-zero occurrence
is related to Lemma 32 in Sect. 7.3.

Remark 29. In the physics literature, the order parameter for the two-dimensional Ising
model is traditionally the magnetization of the Ising field. We do not know the connection
of © or O to the magnetization. Unlike the magnetization for the Ising model on a regular
lattice, © is discontinuous at the critical temperature. Moreover, it does not tell us about
the global geometry of the spin clusters, rather it serves as a “measure” of the interface
behaviour in the local limit. An interesting curiosity is that we can show the free energy
density per boundary edge has a second order discontinuity, even though it is known
that the free energy density per face has a third order discontinuity, telling that the phase
transition should be of third order. More precisely, by the work of Boulatov and Kazakov
[14] or an explicit computation [32], we have

1
— lim - log([t"1zp,4(t, v)) = F(v)

where n is the number of interior faces and F has a third order discontinuity at v = v,.
However, we find

1 . 1
— lim —log(zpq(1) =— lim —log(zp4(v)) = log(uc(v)),
g—>0 g p.q—>% g
which can be shown to have a second order discontinuity at v = v,.

Pure gravity-like behavior and some literature remarks. It has been conjectured by
physicists that the Ising model outside the critical temperature falls within the pure
gravity universal class (see [4]). In particular, in the seminal work of Kazakov [29], the
fact is justified by computing the zero-temperature and the infinite-temperature limits of
the free energy, which both coincide with the ones derived from the one-matrix model.
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The analysis of our peeling process, and the geometry in the further sections, will give
a different perspective to this phenomenon.

First, we note that lim,~; E (Y1) = — lim,~; E} (X1) = —3. From [9, Sect. 3.2],
we check that this coincides with the drift of the perimeter process of an exploration which
follows the right-most interface of a finite percolation cluster on the UIHPT decorated
with a face percolation configuration with parameter p = 1/2. This is natural due to
the symmetry of the + and - spins. We stress that, since percolation on the triangular
lattice is not self-dual, this falls in the subcritical regime of percolation. Observe also
that the geometry of large Boltzmann Ising-triangulations in the high temperature regime
essentially should not depend on the exact value of E (X1) = —EZ (Y1), as long as
it is strictly positive and the perimeter exponents oo + 1 and «y + 2 of the asymptotics
of Theorem 2 are equal to 5/2. Therefore, the geometry of the Ising-decorated random
triangulation of the half-plane in the high temperature regime is similar to the one of the
UIHPT decorated with subcritical face percolation. To our knowledge, this phenomenon
has never been explicitly written, though intuitively well understood.

In the low temperature regime, we have lim,_, .o O (v) = 21—3 This, in turn, coincides

with the expectation of the number of edges swallowed (both to the right or to the left)
after a peeling step of the non-decorated UIHPT of type I. At the level of the peeling
process, we find that

o0

lim,— o P (S1 = C) = lim » PL(S1 =1Ly
k=0
o0
= limyoo Y320 PA(S1 =R)) = lim D PL(S1 =Ry
k=0
[ee)
= limyoe 202, P (S1 = L)) =vgn;o;P;o(sl =R) =0
and
lim P! (S —c‘—1 li 00P”s—L‘ ! !
Jm PG ==z m ) RE =10 =377
o0 o
1 V3 V3
, N SRV Ve N3
vlgr;o];)Poo(s] =R)=5-~ vlggo];)poo(sl =Tot) =15 -

Since these quantities sum to one, we conclude that either the bottlenecks survive in the
zero temperature limit, or the limit does not define a probability distribution. The former
follows if we can change the limit and the summation above, and that indeed can be done
by the following simple argument: We notice that P2 (S = L) ~ % as k — oo,
where

lim k°/?
k—00

M) =

(vtc(V) ao(v) h+ 1)_5/2> _ V) _aov)
uc(v) I'(=3/2) uc(v) I'(=3/2)

An explicit computation shows that lim,_..c M(v) € (0, 00), so M(v) is bounded.
Moreover, we can show that P} (S; = L___,) has exactly the same asymptotics as
k — oo. By this asymptotic formula, one can then find a summable majorant for the
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above series for large enough v, and therefore the exchange of the limit and the sum
follows from the dominated convergence theorem.

Hence, we find a zero temperature limit of the peeling process which shares the
behaviour of the peeling process in the low temperature regime. In that case, the peeling
process constructs an infinite triangulation, which consists of two infinite triangulations
with the geometry of the UIHPT that are glued together by just one vertex, which can be
viewed as a pinch point in the vicinity of both the origin and the infinity. The construction
of this local limit is the same as in the upcoming Sect. 7.3.

The existence of the finite bottlenecks for v > v, is well predicted in the physics
literature. More precisely: When v = oo, the spins are totally aligned. Therefore, for
Vv > v, it is predicted that the energy of a spin configuration is proportional to the
length of the boundary separating different spin clusters, and hence the minimal energy
configurations should be those with minimal spin interface lengths. In our setting, we
consider an annealed model where we sample the triangular lattice together with the
spin configuration. Hence, a bottleneck in the surface is formed. This is explained eg. in
[4] and [3]. To our knowledge, this is the first time when the existence of the bottlenecks
on Ising-decorated random triangulations is shown rigorously.

7. Local Limits and Geometry at v#v,

In this section, we extend our analysis of the local limit at v = v, considered in [20], to
the off-critical regimes 1 < v < v, and v > v,. In [20, Sect. 5], the idea was to provide
a constructive proof of the local convergence in the following sense: The local limits
were constructed by iterating the peeling process, and after noticing that the peeling
explores any ball around the root with respect to the graph distance in a finite time,
the local convergence followed from the convergence of the peeling process. In this
work, we notice that similar proof strategy for the local convergence extends to every
v > 1, under certain amendments. For this reason, we reformulate the strategy used

in [20] for proving }P’;fq q_)—oo> IP’;‘ as an algorithm with fairly general assumptions

on the convergence of a peeling process. This strategy applies almost readily to all of
the local limits at v € (v, 00) with the same choice of a peeling algorithm as for
v = v, by the fact that the interface hits a neighborhood of the infinity in a finite time.
On the contrary, if v € (1, v.), the peeling process under the aforementioned peeling
algorithm will stay close to the boundary of the half-plane infinitely. Therefore, we need
more refined arguments in the high temperature phase starting from Proposition 5. In
particular, we construct a mixed peeling algorithm, under which the peeling process
explores a neighborhood of the origin layer by layer in the local limit P} . The choices
of the peeling algorithm are summarised in Table 1 in the preceding section.

7.1. Preliminaries: local distance and convergence. For amap m andr > 0, we denote
by [m], the ball of radius r in m, defined as the subgraph of m consisting of all the
internal faces which are adjacent to at least one vertex within the graph distance r — 1
from the origin. By convention, the ball of radius O is just the root vertex. The ball [m],
inherits the planar embedding and the root corner of m. Thus [m], is also a map. By
extension, if ¢ is a coloring of some faces and some edges of m, we define the ball of
radius r in (m, o), denoted [m, o],, as the map [m], together with the restriction of
o to the faces and the edges in [m],. In particular, we have [[m, o]/], = [m, o], for
all r < r’. Also, if an edge e is in the ball of radius r in a bicolored triangulation of
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a polygon (t, o), then one can tell whether e is a boundary edge by looking at [t, o],
since only boundary edges are colored.

The local distance for colored maps is defined in a similar way as for uncolored
maps: for colored maps (m, o) and (/, o), let

dioc((m, o), (M, 0’) =2"R  where R =sup {r >0: [m,o], =W, a’]r} .

The set C11 of all (finite) colored maps is a metric space under d1oc. Let CI1 be its
Cauchy completion. As was the case with the uncolored maps (see e.g. [21]), the space
(CW, d1oc) 1s Polish (i.e. complete and separable). The elements of G_m\ CINN are called
infinite colored maps. By the construction of the Cauchy completion, each element of
CIN can be identified as an increasing sequence of balls (b, ),>o such that [b,-], = b, for
all r < r’. Thus defining an infinite colored map amounts to defining such a sequence.
Moreover, if (P™), o and P are probability measures on C171, then P™ converges
weakly to P(%) for dy o if and only if

P™([m, o], = b) —— P (m, o], =b)

for all » > 0 and all balls b of radius r.
When restricted to the bicolored triangulations of the polygon BJ, the above defi-

nitions construct the corresponding set BF \ BJ of infinite maps. Recall that BT (olo) is

the set of infinite bicolored triangulation of the half plane, that is, elements of BT \ BT
which are one-ended and have an external face of infinite degree. Recall also the set

BT 5@, consisting of rwo-ended bicolored triangulations with an infinite boundary.

7.2. A general algorithm for constructing local limits. In this subsection, we provide an
algorithm for constructing local limits and proving the local convergence for a generic
setup of Boltzmann Ising-triangulations of the disk. The algorithm is already used in
our previous work [20] in the proof of the local convergence P, 4 P~ P,.

Let (u*[; g 2)p.g.n=0 be a family of independent random variables which are also

independent of (S,),>0, such that u;ﬁ n is a Boltzmann Ising-triangulation of the (p, ¢)-
gon, where possibly p = oo or ¢ = oo. Consider Z with its nearest-neighbor graph
structure and canonical embedding in C, viewed as an infinite planar map rooted at the
corner at 0 in the lower half plane. Then, the upper half plane is the unexplored map
L (l)uo, and LO ¢o is defined as the deterministic map Z in which the following holds,
depending whether the boundary of length / is monochromatic or not: the monochromatic
boundary of length / is contained in [0, /] (if it has spin +) or in [/, O] (if it has spin
-), or the bichromatic boundary of length [ = /| + [5 is contained in [/, [2]. Assume
that under IP;, one can recover the distribution of ¢,, as a deterministic function of ¢, _1,
S, and (u;,q,n)ﬁ,éz@ We define I(”(en)nzo by iterating that deterministic function on

LDeq, LD (Sn)n>0 and (u;(;,q,n)ﬁ,t},nzﬂ Let #, be the o -algebra generated by ¢,,. Then
the above construction defines a probability measure on Fo, = 0(U,F,), which we

denote by P). Moreover, assume P%) = P(®) in distribution with respect to the
— 00

discrete topology. That is, there exists a distribution P(> such that for any element
in the (countable) state space of the sequences (S,),>0 and (uj;7 p ) p.G.n=0 Up to time

ng < 00, we have P (w) — P ().
[—00
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For the peeling algorithm A, we make two assumptions. First, we assume that the
algorithm is Dobrushin-stable, in the sense that A always chooses a boundary edge at
the junction of the - and + boundary segments. This choice guarantees that the boundary
condition always remains Dobrushin or monochromatic. Second, we assume that A is
local, by which we mean the following: If the boundary is bichromatic, A chooses the
boundary edge according to the previous rule such that it is connected to the root p
via an explored region by the peeling excluding the boundary. On the other hand, if
the boundary is monochromatic, A chooses an edge whose endpoints have a minimal
graph distance to the origin, according to some deterministic rule if there are several
such choices.

Convergence of the peeling process. Since (u; p ) p.g.n=0 has a fixed distribution and is

independent of (S,),>0, it follows that LO (Sn)n>0 and (“;,q,n)iné,nzo converge jointly
in distribution when / — oo with respect to the discrete topology. However, because
LO ¢o takes a different value for each /, the initial condition LO o cannot converge in
the above sense. This is not a problem, since for any positive integer K, the restriction of
L D¢ to a finite interval [—K, K] stabilizes at the value that is equal to the restriction
of L) eo on [—K, K. Therefore, let us consider the truncated map e, , obtained by
removing from e, all the boundary edges adjacent to the hole. Then the number of the
remaining boundary edges is finite and only depends on (S )k <. It follows that for each
n fixed, ¢, is a deterministic function of (Si)k<n, (u;’q’ o) p.g=0:k<n and eg restricted to
some finite interval [— K, K] where K is determined by (Sy, ..., S,). As the arguments
of this function converge jointly in distribution with respect to the discrete topology
(under which every function is continuous), the continuous mapping theorem implies
that

P? (ep = b) — P (¢2 = b) (41)

for every bicolored map b and for every integer n > 0. We can extend this convergence
for finite stopping times according to the following proposition, which is proven as [20,
Lemma 12], mutatis mutandis.

Proposition 30 (Convergence of the peeling process). Let F, be the o-algebra gener-
ated by ¢;. If 0 is an (F;),>0-Stopping time that is finite P(®) _almost surely, then for
every bicolored map b,

P (eg = b) — P (5 = b). (42)

Construction of P .. Recall that the explored map ¢, contains an uncolored face with a
simple boundary called its hole. The unexplored map u, fills in the hole to give (t, o).
We denote by dej,, called the frontier at time n, the path of edges around the hole in e,,.
Forallr > 0,let6, = inf {n > 0: d.,(p, de,) > r}, where de, (p, d¢,) is the minimal
graph distance in ¢, between p and vertices on de,,. Itis clear that this minimum is always
attained on the truncated map e;,, therefore d., (0, de¢,) is 7,7 = o (e;)-measurable and
0, is an (F,)),>0-stopping time. Expressed in words, 6, is the first time n such that all
vertices around the hole of ¢, are at a distance at least r from p. Since (t, o) is obtained
from ¢, by filling in the hole, it follows that

[t,ol, = [95,]r
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for all » > 0. In particular, the peeling process (¢;),>0 eventually explores the entire
triangulation (t, o) if and only if 6, < oo for all » > 0. A sufficient condition for this is
provided by the following lemma.

Lemma 31. If the frontier d¢, becomes monochromatic in a finite number of peeling
steps P -almost surely, then 0, is almost surely finite for all r > 0.

Proof. We have 6y = 0. Assume that 6, < oo almost surely for some » > 0. Then the
set V, of vertices at a graph distance r from the origin in ¢ is P(*®-almost surely finite.
Since by assumption the frontier de, becomes monochromatic in a finite time P(>)-
almost surely, the spatial Markov property yields that de, is monochromatic infinitely
often.

On the event {0,,; = oo} and at the times n > 6, such that de, is monochromatic,
the peeling algorithm A chooses to peel an edge with an endpoint in V,. by the locality
assumption of A. Since V; is finite, there exists a v € V, at which such peeling steps
occur infinitely many times. But each time the vertex v is swallowed with a non-zero
probability, as a consequence the transition probabilities of the one-step peeling. There-
fore v can remain forever on the frontier only with zero probability. This implies that
P(®)(6,,1 < 00) = 1. By induction, 6, is finite P> -almost surely for all » > 0. O

We define the infinite Boltzmann Ising-triangulation of law P, by the laws of its
finite balls L ®[t, ], := lim L ([e,],. The external face of L (t, o) obviously
n— oo

has infinite degree. Moreover, every finite subgraph of L (t, o) is covered by e,
almost surely for some n < oo. If the peeling process only fills finite holes by the family
(uz’q’n) 75.G.n>0, it follows that the complement of a finite subgraph only has one infinite
component. That is, IP, is one-ended, which together with the infinite boundary tells
that the local limit is an infinite bicolored triangulation of the half-plane. If the limiting
map, however, includes infinite holes to fill in with the peeling, the map has several
infinite connected components with positive probability. In the following section, we
see a concrete example of that case.

7.3. The local limit at low temperatures (v > v.). Throughout this subsection, fix
v € (v, 00). For simplicity, let us first consider the case where ¢ — oo and p — o0
separately. In Sect. 6.3, the order parameter © told us that for v > v, the peeling
process has a tendency to drift to infinity. Moreover, from Table 5 we already read that
X1 = —oo with a positive probability. Thus, we have Eo, (X1) = —oo. These properties
intuitively mean that the left-most interface drifts to infinity much faster than in the
critical temperature, in fact even in a finite time almost surely. Thus, the construction of
the local limit and the proof of the local convergence follows by choosing A = A_ and
after we verify the assumptions of the algorithm in the previous section. The geometric
view is similar to that in the critical temperature [20], with the exception that in this case
the interface in a realization of the local limit is contained in a ribbon which is finite.
Therefore, the local limit is not one-ended, unlike in v = v,, and contains a bottleneck
between the origin and infinity.
In order to be more precise, let us consider the P, -stopping time

T, = inf{n>0: P, <m},

where m > 0 is a cutoff. In particular, Ty is the first time that the boundary of the
unexplored map becomes monochromatic. Observe that for p > 2m, we can write
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T,, = inf [n >0:85, € {R;JrkH,R]‘Hk k> —m” This extends to p = oo in a
natural way, and thus T;, is also a well-defined stopping time under Pno.

Following the notation of [20], denote by oL, ;X (resp. &L, X and L5, X) a random
variable which has the same law as the random variable X under P, , (resp. under
P, and P,). We start by giving an upper bound for the tail distribution of Tj, which
implies in particular that the process oL, (Py),>0 hits zero almost surely in finite time.
In other words, the peeling process swallows the + boundary almost surely, exactly
as for v = v.. What makes the low-temperature regime different is that this property
actually holds also for P, since by the infinite jumps of the peeling process we may
have T,, < co. Moreover, we can easily find the explicit distribution of 7, under Po.

Lemma 32 (Law of Ty, v > v;) Let v € (v¢, 00).

1. There exists y > 0 such that P,(To > n) < e™ V" for all p > 1. In particular, Ty is
finite Pp-almost surely.
2. Under Poo, the stopping time T,, has geometric distribution with parameter

Fm = Poo(P1 <m) = Poo(Tyy = 1)
supported on {1, 2, ...}. That is,
Poo(Tyy = 1) = (1 — )" 'y
forn =1,2,.... Inparticular, T,, is finite Poy-almost surely for all m > 0.

Proof. Since v > v, we have P, (S| = R},) —> Poo(S1 = Ry) = 7 € (0, 1), which
yields P, (To = 1) > P,(S1 = RI‘,) > r for all p > 1, for some constant » € (0, 1).
It follows by the Markov property and induction that for all n > 0,

Pp(To > n+1) = Bp[Pp,(To # Dlzyom] < (1 —r)""",

from which the first claim follows.
For the second claim, the data of Table 5 for v > v, shows that
Poo(Tin = 1) = Poo(P1 <m)

[} m—1

D (Poo(S1 = Riy) + Poo(S1 =R3,y)) + Y PoolS1 =RE, )
k=0 k=1

m
+) Poo(S1 =Ry, 3)

k=1

=t (ZZ (v(A(u) — agp) +];akuk) + %] (A(u) +v Zakuk>) =! I'm.

k=1

By the spatial Markov property and induction,
Poo(Tyn > n+1) = Eoo[Poo(Tin # DIz, o] = (1= )™
for all n > 0, which shows that 7}, has geometric distribution with parameter r,,. O

Remark 33. Observe that by the above proof, lim,,— oo 7y = @(v), which was intro-
duced as an order parameter in Remark 28.
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The above lemma entails that 7;, can directly, without further conditioning, be re-
garded as a time of a large jump of the perimeter process. In other words, unlike in [20],
a suitably chosen peeling process will explore any finite neighborhood of the origin in
a finite time, and thus no gluing argument of locally converging maps is needed. In
particular, the general algorithm of Sect. 7.2 applies. If one wanted to study the local
limit via gluing, one could note that conditional on n < T;,, the process P, has a positive
drift, a behaviour reflected by the order parameter ©.

It is easy to see that the above lemma also holds if we define more generally 7,
inf{n > 0 : min{P,, Q,} < m} and consider the convergence of the peeling process
with the target p' under the limit p, ¢ — oo while ¢/p € [A’, A]. We omit the details
of this here. The stopping time 7, is extensively studied in Sect. 8.1 for v = v, and the
computation techniques for v > v, are similar. The biggest difference compared to the
p = oo caseis the fact thatin the p, g < 0o case, the triangle revealed at the peeling step
realizing T}, must hit the boundary at a distance less than m + 1 from p'. The perimeter
variations (X1, Y1) will also have a different law, and in particular both X and Y; may
have infinite jumps (though not simultaneously).

Recall that in our context of the peeling along the left-most interface, the peeling
algorithm A_ is used to choose an edge adjacent to p, on the boundary of the un-
explored map u,, according to some deterministic function when its boundary de¢,, is
monochromatic of spin - (see Sect. 6.1). Under P, we can ensure 6, < 0o almost
surely for all » > 0 with the following choice of the peeling algorithm A = A_: Let p,
be the vertex on the frontier realizing the minimal distance d., (o, d¢,) from the origin.
Then A_- chooses the edge on the left of p,. This algorithm is obviously local. Since
Tp < oo almost surely by Lemmas 31, 32 gives 6, < oo almost surely in P,,. Moreover,
everything in this paragraph clearly also holds after replacing P, by Poo.

Proof of the convergence P, , o P}’, P IP’" for v > v, The (F,)-stopping time

6, is almost surely finite under P p and P, and [t,o], = [20 ]» is a measurable function
of ey . Thus, the assumptions of the general algorithm for local convergence hold with
the choice P; = IF"’ g With [ = g in the first limit, and after IP"I’, is defined, also with
P; = P, with [ = p in the second limit. In the first limit, the family (u}’q’n) 5.G.n=0
consists of independent finite Boltzmann Ising-triangulations, which fill in the finite
holes formed in the peeling process (exactly as in v = v, see [20]). Assuming PP},

is defined for all p > 0, then the family (u;i) p 2)p.g.n=0 also contains the elements

uh G with law IP’;, which fill in the hole with infinite + boundary after a bottleneck

is formed. Putting things together in this order, it follows from Proposition 30 that
IF"[’,’q([t,o]r =b) q_)—oo> IP";,([t,a]r =b) [H—Oo> Py ([t,o], = b) forall » > 0 and

every ball b. This implies the local convergence }P’}’, — IP)‘I’, — PY.. O
4 g—o0 p—>0o0

d
Proof of the convergence ]P’p qpqL)]P"’ while 0 < A < % < A for v > v, The
assumptions of the general algorithm for local convergence hold with the choice P; =

IP’;,q with [ = p + ¢, where [ — oo such that ¢ € [A'p, Ap]. Since the peeling process

with the target p' has the same limit in distribution as the untargeted one, the local limit
is indeed P} . |

The above constructed local limit PY is one-ended, since the peeling process only
fills in finite holes. By Lemma 32, the untargeted peeling process of the local limit P}
swallows the infinite + boundary Ps.-almost surely in a finite time, resulting a finite
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bottleneck, after which the peeling process continues to peel the infinite triangulation
with infinite - boundary and finite + boundary. Since the latter one is one-ended, it
follows that the local limit P} consists of two independent triangulations of laws IP";;

and Pg, for some p > 0 and g > 0, the second one modulo a spin flip, glued together
along a finite bottleneck. That is, the local limit P! is two-ended.

7.4. The local limit at high temperatures (1 < v < v.). Throughout this subsection, fix
v € (1, v.). We start by considering first the convergence IP; P ]P’” For that purpose,
we choose the peeling algorithm A, defined in Sect. 6.1. The reason for this choice is
explained by Remark 35 and Lemma 37 below. Again, the only thing to show is that
15,,(T0 < o0) = 1 for every finite p > 0. However, due to the fact that lsp(Tm =1)~

cm - p~>/?, we need a different strategy as in [20] to prove that result. At this point, recall
the drift of the perimeter processes: Ex(X1) = —Eco (Y1) > 0 from Proposition 5. This
drift is used to estimate the drift of the perimeter process for a large p < co.

Lemma 34. Let v € (1, v.). Then,
lim E,(X1) = Ex(X1) and lim E,(Y1) = Ex(Y1).
p—00 p—>00

Likewise,

lim ]AE'[,(Xl) = Eo(X;) and lim E’,,(Yl) = Eo(Y1).
p—>00 p—>00
Proof. For p > m > 1, we make the decomposition
Ep(X1) = Ep (X11(x,>-m)) + Ep (X1 Lix,<— prm)) + Ep (X1 L (x e prm.—m))) -
By the convergence of the peeling process,
Ep (X11(x,2—m)) oo Eco (X11(x,2—m}) —— = Eeo(X1).

For the second term, P, (X1 < —p+m) = Pp(P1 <m) ~ ¢y - p‘s/2 as p — oo for
some constant ¢;, > 0, which shows that

m
p (X1l < pom) = —PBp(X1 < —p+m)+ Y kPp(X1 =k —p) ——— 0.
k=0

Finally, the third term can be explicitly written using the data of Table 4 as

p—m—1
Ep (X1l e prm—my) = = D kPp(Xi=—k)
k=m+1
p—m—1
—k ap—k
Z 1Zk+42, o U+ VizZg i .
— ap dp
By the asymptotics k42, oL Tk, ouk ot k=3/2 and a similar one for

—> 00

side can be approximated by a remainder of a

convergent series, and therefore taking the limits p, m — oo yields the claim.

The case lim,_ Ep(¥Y1) = Eco(Y1) is similar, except easier, since it only re-
quires one cutoff at Y1 = —m. Indeed, the same asymptotics hold for Y. The cases
limp— 00 B, (X1) = Eo(X1) and lim o0 £, (Y]) = Eoo(Y)) follow by symmetry. O
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Remark 35. By Proposition 5 and symmetry, we have then
lim E,(X;) >0 and lim ﬁ:p(Xl) <0,
p—>00 p—>00
and likewise
lim E,(Y;)) <0 and lim E,(Y;) > 0.
p—00 p—>00

This property is the main implication of Lemma 34, which we keep on using in this
section.

Remark 36. In [20], we used the same decomposition to show that E,(X) p_)—og

—%Eoo (X1) < 0atv = v.. This blow-up of the probability mass was due to the fact that

Pp(X1 < —p+m)~cp - p~latv = v.. Currently, we do not have an interpretation of

this symmetry breaking.

Under mild conditions, a Markov chain on the positive integers with an asymptotically
negative drift is expected to be recurrent. The next lemma verifies this in our case.

Lemma 37. If v € (1, v.), then Ty is finite ?p-almost surely.

Proof. Since (P,),>0 is anirreducible Markov chain on the positive integers, it is enough
to show that P » (T < 00) = 1forsome p’ > 0. Namely, this means that the chain will
return to the finite set {0, ... p’} infinitely many times, and thus there exists a recurrent
state.

Observe that by Lemma 34, there exists an index p, > 0 such that E p(X1) < —a
for some a > 0 if p’ > p,. On the other hand, E,(X|) < maxo<i<p, B (|X]) < 00
for p’ < p,. Then, it follows that the set {0, ..., p.} is actually positive recurrent; see
[27, Theorem 1] for a more general statement via Lyapunov functions, in which the
Lyapunov function is chosen to be the identical mapping. O

d .
Now, the proof of the local convergence P} (—)oo> [P}, goes along the same lines

q—
. d
as in the case v > v,. Let us proceed to the proof of the convergence IP’; pi—lg Py..
For this, we cannot just choose the peeling algorithm A (or A _, respectively) since the
peeling exploration under that algorithm drifts to the right (resp. to the left) in the limit
by Lemma 34. These drifts, however, allow us to construct a mixed peeling algorithm
A = A,y as follows.

Peeling algorithm. A, .Recallthatforv € (1, v.), we have the drift conditions Eqo (X 1) >

0and Ex (Y1) < O (together with the symmetric conditions Eoo(X1) < 0and Exo (Y1) >

0). These conditions allows us to construct the following sequence of stopping times:
Set Xg =Yg =0and 7; = 0.

e Start peeling with A_ until the time tf :=inf{n > 0: Y, < —1}, which is almost
surely finite under P, due to the drift condition.
e Proceed peeling with A, until the time 7] := inf{n > rll Xy < —Xr{ — 1+

. . . . 2 o, l
ming_,, <! X}, which is a.s. finite under P, conditional on T;.

Repeat inductively for k > 1:
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e Attime 7;_,, run peeling with A_ until r,i =inf{n > t/_, : ¥, < —Y,}:il — 1+
ming o, o Y}

e At time r,i, run peeling with A, until 7; := inf{n > ‘L',i X, < —er/ -1+
minr,{,lsrnsrk’, X}

Obviously, the above constructed 4, is a local and a Dobrushin-stable peeling al-
gorithm. We denote the law of this peeling process by P, (p € N U c0). Note that the
above stopping times may be infinite if p < oco. Let

Og = inf{n > rfg Xy < =X —1+ min X}
R Th_ <m<th

The stopping time 6 may be infinite for p < oo, but the drift condition assures that
Poo(@r < 00) = 1. It follows that under P, the peeling process with algorithm 7,
explores the half-plane by distance layers, in the sense that the finite stopping time 6
is an upper bound for the covering time 6 of the ball of radius R. Hence, choosing
A = A, in the general construction of the local limit and & = 6 in Proposition 30
. . . . d
will give the construction of Pg, and yield the local convergence ) p:—)og PY,. To be
a bit more precise, we still need to verify that P, — Po, weakly. This is shown in the
following lemma.

Lemma 38. Let v € (1, v.). Then P, — Py as p — 0.

Proof. From the construction of P, and by the spatial Markov property, for all n > 1

andallsl,---,sneS,aswellasforallke[1,n]amd1Sml1 Smﬁ §-~~§m§€§

mj, < n, we have

B,(S1 =81, -, Sp=sn, T =mh, o] =mh, ... 1 =m, tf =mf)
=P,(S) =S1,...,Sm1] =Sm1|,1'11 =mll)
X ﬁ)p”mll (s1 = Sl 415+ qu_mzl = Sm!» ‘L’lr = mq)
. P[H,)sz_1 (81 = Sl +1s e Sm[k*mlt—l = Syl > 'L',i = mi)
X
X f”’”m’k (81 = Smlals - Spr—ml = S T, =m})
: Pp+xmz (s1 = Smp+ls e e Sn—mz = sn),

where the peeling events (s;) 1 <; <, completely determine the perimeter variations (x; )1 <j<p-
By the convergences P, — P and P, — P, and by another application of the spatial

Markov property, the right hand side tends to the limit Poo (S = s1, - -+ , Sy = Sp, rf =

[ ro__ r I ro__ r :
my, T =my, ..., T =my, T = my,). The claim follows.

O

(d)
1% vV
Proof of the convergence PP;H—oo)IPOO forl <v < v,

We write

P ([t ol = b) = P} (le] 1r = b,6r < N)+P}([t,0]r = b,6r = N),
R
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Table 7. Law of the first peeling event S; under P, 4] and the corresponding (X1, Y1) under the peeling
process of the left-most interface with the target of

s Ppg+1(S1=s) (X1,Y)) S Prgri(S1=s)  (X1,Y))

ct ot Zz‘*:ﬁ @, -1 o ﬁ 0, 1)

L} t% (1, —k—1) Ly vtw_ff% 0, —k) 0 <k<6g)
R{ 0 TRETEL (et 1) Rp vt RELAEL(k,0) 0 <k<06p)
Lyp 0EEIMEE (igak— 1) Lo v PEESMEE (0, +k) (0 <k <6g)
RO, 711’*";;3ff+"‘1 (—p+k+1,=1) R, v 721’*;;6{?{‘1” (=p+k,0) (0 <k<0p)

In the table, 8 € (0, 1) is an arbitrary cutoff, which roughly measures whether the perimeter process has only
small jumps or not. Observe that the last two rows of the table are redundant with the second and the third
row, respectively, in order to emphasize the cutoff for taking the limit. Taking the limit (p, ¢) — oo gives the
data of Table 5

where the last term satisfies

P,([t,olg =b,0r = N) < Bp(fr = N) ——— Poo(fp = N) —— 0
pP—>© N—oo

by Lemma 38 and the drift condition. Thus, letting first p — oo and then N — o0
yields the claim. O
Proof of the convergence P;’q[)’;%oo)}?go while 0 < ) < % <Aforl <v <y

Itis not hard to see that the counterparts of the above lemmas also hold, mutatis mutandis,
in the diagonal regime. The essential matter is that the peeling processes under )
converge towards the peeling processes under P?_, due to the diagonal asymptotics.
Again, we take into account p as a target. O

8. The Local Limit at v = v, in the Diagonal Regime

Throughout this section, we assume that v = v, and % € [\, A] for some 0 < A/ <
1 <X <ooas p,q — 00, and study the local limit of P, ; in this setting. We stress
that this diagonal regime is slightly less general than in Theorem 2, since we require
that it always contains the main diagonal p = ¢. The reason is purely technical and
becomes evident in the proof of Lemma 43 in Appendix A, where we need to control a
ratio of random perimeters. We find, unsurprisingly, the same local limit Po, = P5 as
discovered in [20]. Moreover, we find the scaling limit of the random time at which the
peeling process jumps to a neighborhood of p. The starting point of our analysis is the
diagonal asymptotics (Theorem 2)

b-clq/p) —(p+q) _—11/3
T\~ (L) 4 p
r(=3)r(-3)
It is then easy to see that the peeling step probabilities converge to the same limits as
in [20] in the respective diagonal regime. However, it is natural to make the following
modification for the peeling process.

We choose the peeling process with the target p', driven by the peeling algorithm
A and described in Sect. 6.1: If the peeling step s, splits the triangulation into two

2pg(V) ~ v =v).
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pieces, we choose the unexplored part 1, to be the one containing p'. If p' is included
in both, we choose the one in the right. This gives rise to a different perimeter variation
process (X, ¥;,), whose law is described in Table 7.

Accordingly, we define form > 0

T, := inf{n > 0 : min{P,, Q,} < m}.

In other words, T}, is just the first time at which either the + or the - boundary length
of the unexplored map is at most m. Using the peeling steps, we also see that 7, =
inf{(n >0:85, € {R;_kﬂ, R, > L:]’_k_l, Ly 0 < k < m}}. The analysis of the
hitting time 7}, yields the main new results of this section. The first one is a technical
lemma which generalizes the so-called one-jump lemma of [20] to the diagonal setting.
Its proof follows the recipe given in [20, Appendix C], although due to taking the limit
along a diagonal, additional technicalities arise. The second result is Theorem 7, whose
proof mimics the proof of [20, Proposition 11]. A key novelty of the two aforementioned
proofs in our current work is controlling the ratio Q,,/ P, of the perimeter during the
course of the peeling exploration described above. Finally, we detail the proof of the
local convergence in the diagonal regime, which follows the idea presented in [20, Sects.
5.4-5.5], with important modifications resulting from the fact that there is no presence
of an infinite boundary before taking the limit. However, it turns out that applying the
one-jump lemma 39 works almost exactly like applying the corresponding lemma in
[20].

8.1. The one-jump phenomenon of the perimeter process. Next, we investigate an analog
of the large jump phenomenon discovered in [20]. For that, fix € > 0 and let

fe(n) = ((n+2)(log(n +2) ).

Define the stopping time
o =inf{n >0: |X, — un| V|Y, — un| > xfe(n)} .
where x > 0.

Lemma 39 (One jump to zero). Foralle > 0and0 < X' <1 <\ < oo,

lim limsup B, (t¢ < Tp) =0 while L e [x/, ).
X,M=>00 b 4500 p
The proof of Lemma 39 is a modification of the proof of the analogous Lemma 10
in [20]. The necessary changes are left to Appendix A. Next, we prove the main scaling
limit result of this article.

Proof of Theorem 7. First, assuming that a scaling limit of p~!7;, exists for every m >
0, it actually does not depend on m. Namely, since To > T}, the strong Markov property
gives

Ppq(To =Ty > €p) = Ep 4 [Py, 05, (To > €p)]

IA

m m
Epg Z Py 0g, (To > €p) + Z Pp, ¢ (To > €p)
p'=0 q'=0
(43)
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Let M > 0 be some large constant, and fix p’ < m. We write

Py .07, (Ty > €p)
= Pp/,QTm (TO > eps QT,” > M) + Pp/,QTm(TO > Epl QTm S M)Pp/,QTm (QTm S M)

M
< Pp.oq, (To > €p, O, > M) + Z Py.q'(To > €p).
q'=0
By [20, Proposition 2] (actually, by its analog for the peeling with target), P, , (ﬁ—og
P . Therefore, the first term can be bounded from above by P,/ (Ty > €p) + €’ for any
€’ > 0, provided M is large enough. In that case, we obtain

m m m M
Z Py.og, (To > €p) < Z Py (To > €p) + Z Z Py g (To > €p) + (m + 1)€’.

p/=0 P/=0 P/:O (1/=0

It is easy to see that the right hand side converges to zero as p — oo and € — 0.
The second term in Eq. (43) is treated similarly, and finally we deduce P, ,(To — T, >

ep) —— 0.
p.q—>00

Let us then proceed to the existence of the scaling limit. First, fix x > 0, m € N and
€ € (0, ). Take p and g large enough such that P, ,-almost surely, 7y < T,,. Denote
& := {1 < Ty} and 1, := {z{ > n}. Clearly (71,),>0 is a decreasing sequence, and
one can check that

Ny © M\ {T)y =n+1} € My UE. (44)

Letcy, (V) :==1im) 400 p-Pp 4(T;n = 1), where the limit is taken such thatg /p —
A. In other words, ¢ = Ap + o(p), and from the asymptotics of Theorem 2,

as p,qg — 00, q/p — A.On the event 11,,, we have Py + un — xfe(n) < P, <
Po+pun+xfe(n)and Qo+ pun —xfe(n) < Qn < Qo+ un+xfe(n). This, in particular,
gives

Ppg(Tn=1)~ (45)

Ap +pun —xfe(m) +o(p) _ Qn _ Ap+pn+xfe(n) +o(p)
p+un+xfe(n) TP T p+pun —xfe(n)

(46)

Denote A, := Q,/P,. Then combining the previous equation with (45), we also obtain
that for Pp = p and Q¢ = ¢ large enough,

An) — An) +
Mﬂnn < 1p,Pp,.0,(Tn=1 < M n, -
p+pun+xfe(n) p+un — xfe(n)

By Markov property, Pp, g My \ {Tyn = n+1}) =P, (M) —Ep g [1n,Pp.q (T = D).
Therefore

<1 cm(hp) +€

- m) PpgMn) = Pp gy \ AT =n+1})
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=<

(1 Cm(Ay) — €

- p+un +xfe(n)) PpqTla) -

Combining these estimates with the two inclusions in (44), we obtain the upper bounds

Cm(Ay) — €

PNy < (1 - 22 —
paoa < (1= 200

) Pp,q (nn) s
and the lower bounds

Pp,q (nn+1 Ué) Pp,q ((nn \ {T =n+ 1}) U 8)
Pp,q(nn \{Tw=n+1})+ Pp,q((g \ 1)
(1  em(Ap) e
p+un — xfe(n)
( cm(An) +€
> (1

C ptun—xfen)

vV v

v

) Pp,q(nn) + Pp,q(g \ 1)
) P, (1, UE).

Then, by iterating the two bounds, we get

P n - pl 1 cm(An) — €
e < [T (1= 5250555)

=
o

=z

cm(Ap) +€
and P,,(MyUE) = [] <1_—)
P 0 p+un —xfe(n)

forany N > 1. Since 11, € {T,, > n} € 11, U & up to a P, ,-negligible set, the above
estimates imply that

N—-1
cm(An) +€
[ (1= 57 i) 20 ® = Faa =0
n=0 e

int cm(hn) — €
=1l <1 . m) +2pq(8).

From the Taylor series of the logarithm we see that —x — x? < log(1 — x) < —x for all
x > 0. Therefore, for any positive sequence (x,),>0, we have

N—1 N—1 N—1 N—1
exp(—an—Zx,%> < H(l—xn)fexp(— xn).
n=0 n=0 n=0 n=0

Now, we consider the sum

p

Z Cm(Ay) £ €

L prpn Fxfe(n)’
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First, by (46), we see that A, = A}fﬂ”‘ (1 +0(1)) where o(1) is uniform over all n €
[0, zp] as p — oo. Namely,

REAR (ﬁ;@’; + 1) +o(p)

p+punF xfe(n)

Ap +un£xfen)+o(p) p+pun
p+pnFxfe(n) Ap + pun

1 —

)

where the right hand side tends to zero uniformly on n € [0, tp] as p — o0. On the
other hand, we also have pf/): I%F")zzi = C’”}Ei’;jfe (1+0(1)) uniformly on [0, #p], for any
fixed r > 0. Hence,

AHLs
£ Cm <l+p~x>

1+ pus

L ) e /f Cm(m”)if
2 :

€
ds=+<1lo (1+;u)+/
P Fxf ) o [+ s Wt 0

Above, we also used the fact that ¢,, (1) is continuous in A, which follows directly from
its definition and is also seen below via an explicit expression. We also have

L ( cm(Ay) +€ )2 0
2\ o) 7=

for all + > 0. Combining this with the last three displays, we conclude that

ren (F582)
(1+put) “exp|— ————>ds | —limsup P, ,(&) < llmlan,,q(T > tp)
0 pP.q—

1+ ps P.q—00
A
, . con () O\
< limsup P, ;(Tyy > tp) < (1+put)rexp|— ————=ds | +limsup P, 4(6).
P.g—00 0 1+ us P,g— 0

(47)

Now take the limit m, x — oo. First, using the data of Table 7, we observe that the
sequence (¢, (X))o 18 increasing with a finite limit:

ecn) = 1lim_(p-Ppq(PLA Q1 <m))

P-g—>00

= lim (P R , +P L , )
q_wol’z pq(pk+1 R, ) pq(qkl L, i)

P k=1
4 te " ag k
= - 1+ — +
3b-273c(h) k;( ”C)(uc ) it
4 Ie

N ap
m—>o0 3m(1 +ve) (u—c +a1) (A(uc) —ag) =: co(d).  (48)

Furthermore, we notice that (1 + v,) ( +a 1) (A(ue) —ag) = —b,u, a computation al-

ready done in the proof of [20, Proposition 11]. This gives cso(X) = Moreover,

3 T
in the limit m, x — oo, the error term lim sup P, 4 (&) tends to zero due to Lemma 39.
The middle terms liminf, 400 Pp ¢ (T;n > tp) and lim SUP, 400 Pp.g(Ty > tp) do
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not depend on m due to the convergence Pp ,(To — T, > €p) ———— 0 seen at the
]),(14)00

beginning of the proof. Thus by sending m — oo and € — 0, the monotone convergence
theorem finally yields

im B, (T ) /t A+ s ds
m > = €X — C .
P.g—>00 p.g Aom p p 0 o0 1+ ns 1+ us

Now recall that

c(h) = ;1/000(1 +5) B0+s) 7 Rds.

‘We note first that

A+ 4 o0
(221 = —(1+x)”/3/ (1+5)"730 +)" 4.
1+x 3 x

This yields
d /“l" A+us\ ds 1 A+Xx 1
PR Coo R — = — - Cxo .
dx 0 T+us) 1+pups 1% 1+x 1+x

[e%e) —1
=+x)"Bo+x)""3 </ A+5)7 B0+ s)_7/3ds)

d o0
=—— log/ A+ +s)7"3ds.
dx ¥

Finally, integrating this equation on each of the sides gives the claim. O

In order to prove the diagonal local convergence in its full generality as Theorem 4
suggests, we also show the following generalized bounds:

Proposition 40. For all m € N, the scaling limit of the jump time T,, has the following
bounds:

.. ! L+ s ds
vVt >0, lim inf Ppg (T >tp) > exp| — max Ceo .
p.q—>o0 0 fel} 2] 1+ s 1+ s

and

li P, . (T, tp) < r L+ s ds
1m Su > X — min c .
p,q—mlg paq {im = 1P) = XD o tela] \l+us/) 1+ps

where coo is defined as in (48) and the limit is taken such that q/p € [, Al

Proof. We modify the above proof as follows: First, (46) translates to

Mptpn—xfe(n) _ Qn _ Ap+pun+xfe(n)
p+run+xfen) — P, T p+un—xfe(n)

conditional on 71,,. Then, the identity Q,,/ P, := A, = g’:ﬁ = (1+0(1)) is to be replaced
by the bounds

Mp+ Ap +
M(1+0(1)) < < M(].,_O(]))‘
p+un p+un



860 L. Chen, J. Turunen

Finally, we notice that A — ¢, (1) is a continuous function for every m > 0 on any
compact strictly positive interval, having the limit co(X) as m — oo with the same

A+
1+ps

property. Therefore, we can replace ¢, ( ) in (47) by its minimum or maximum

over the interval [A/, A], respectively, and finally take the limit m — oo. O

The limit law
o0
P(L > 1) :=/ A+x)""B+x)Pax (49)
t

can be interpreted as the law of the quantum length of an interface resulted from the
conformal welding of two quantum disks in the Liouville Quantum Gravity of parameter
¥ = /3, introduced in the context of the mating of the trees theory in [22] and studied
in [5]. More precisely, this measure results from a welding of two independent quantum
disks of parameter y = /3 and weight 2 along a boundary segment of length L. See
[5,6,22] for precise definitions of such quantum disks. In particular, a quantum disk
conditioned to have a fixed boundary length is well-defined.

As defined in [6], an (R, L)-length quantum disk (D, x, y) is a quantum disk dec-
orated with two marked boundary points x, y, which is sampled in the following way:
First, a quantum disk D of a fixed boundary length R + L is sampled. Then, conditional
on D, the boundary point x is sampled from the quantum boundary length measure.
Finally, define y to be the boundary point of D such that the counterclockwise boundary
arc from x to y has length R. By giving the quantum disk an additional weight parameter
and setting its value to 2, the points x and y can in fact be sampled independently from
the LQG boundary length measure, as explained in [5].

For two independent +/3-quantum disks, there is a natural perimeter measure on
, oo)z, given by

dm(u,v) = u” By Baudv. (50)

This measure is the Lévy measure of a pair of independent spectrally positive 4 /3-stable
Lévy processes, which has a direct connection to the jumps of the boundary length
processes of SLE(16/3). On the other hand, it is known that the typical disks swallowed
by the SLE(16/3) are +/3-quantum disks; see [34]. This perimeter measure allows us to
randomize the boundary arc lengths of the quantum disks as follows.

Due to the convergence g/p — A € (0, 00) (and p/p — 1) in our discrete picture,
we consider the measure (50) conditional on the set {(u, v) :u = 1+L, v=A+L, L >
0}, such that the two independent quantum disks have perimeters (A, L) and (L, 1),
respectively. This gives rise to the law of the segment L as

P(Ledx)=N"A+x)""P0+x)""Pdx

where 71 is a normalizing constant in order to yield a probability distribution. Gluing
the two quantum disks along the boundary segment of length L such that the marked
boundary points of the two disks coincide to the points p and p', respectively, finally
yields (49) as the law of the interface length.

The same law of L has been recently derived in [5, Remark 2.7] as a special case of
the general conformal welding of quantum disks. Since the parameters there also match
with the expected ones for the universality class of the critical Ising model, this gives
some hints that the Ising interfaces should indeed converge towards an SLE(3)-curve on
a LQG surface, as predicted in the literature. This convergence remains as an important
open problem.
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(a)

Fig. 9. Left: a glimpse of a realization of the local limit at v = v, after just ¢ — oo, which is considered
in [20]. The interface is still finite. In this work, we bypass this intermediate limit by letting p, g — oo in a
diagonal regime. Right: a realization of the ribbon containing the interface in the local limit at v = v,

8.2. The local convergence in the diagonal regime. We recall first the definition of the
local limit Po, = P (see [20, Sect. 5.3]). The probability measure Py, is defined as the
law of a random triangulation of the half-plane which is obtained as a gluing of three
infinite, mutually independent, one-ended triangulations LoglUoo, LooRoc and Lootth,
along their boundaries, which satisfy the following properties: £LxolUso has the law Py,
Losou’, has the law Py under the inversion of the spins, and LR is defined as the law
of the increasing sequence (lim,— oo Lool€;1-)r>0 under Poo. We call R the ribbon.
See [20] for a more detailed study and Fig. 9 for an illustration. The fact that the ball [ej, ],
stabilizes in a finite time, and thus the limit n — oo is well-defined, follows from the
positive drift of the perimeter processes. Observe that the boundary of LR consists
of three arcs: a finite one consisting of edges of de; only, and two infinite arcs of spins
—and +, respectively. The gluing is performed along the infinite boundary arcs such that
the spins match with the boundary spins of 1y, and u}_, respectively.

Then, fix m > 0, and define (R, as the union of the explored map e‘}m_l and the
triangle explored at 7;,,. Now the triple (u7,,, Ry, u’}m) partitions a triangulation under
P, 4. such that uz, and u’}m correspond to the two parts separated by the triangle at
T,,. We will reroot the unexplored maps ur, and u’;m at the vertices p,, and py*, which
are the unique vertices shared by ur, and R,,, and u*}m and R, respectively. Now the
boundary condition of ur,, is denoted by (%, (21, Q2)). This notation is in line with [20,
Theorem 4]. Similarly, the boundary condition of u*}m is (P, #3), Q*). Observe that
the condition

N _
ST, € {RPTm71+5’<m’ RPTm71+g(m}

uniquely defines an integer ,,, which represents the position relative to p' of the
vertex where the triangle revealed at time 7, touches the boundary. Here, we make the
convention that R;+k = L;—k—l and Rk = Lg_k_1 for k > 0. In particular, | K, | < m.
See also [20, Fig. 12] for a similar setting when g = oo.
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Lemma 41 (Joint convergence before gluing). Fix €, x,m > 0, and let § = J5 , =
{t{ = T,y > €p}. Then for anyr > 0,

timsup [Py g (((Ronr- [z, 17 (05, 1) € 8) = Poo(([Roc ], [uso]r [ule],) € €

pP.g—>

< limsupP, 4 () + Poo(ty < 00)
P.g—00

where & is any set of triples of balls.

Proof. The proof applies the idea of the proof of [20, Lemma 14]. Assuming that known,
the only thing one needs to take care of is the fact that the random numbers #}, %7,
Q) and Q tend to oo uniformly, and that & and Q* stay bounded, conditional on ¢.
Observe also that the random number X, is automatically bounded in this setting, so
we do not need any condition for K}, on the event §.

Similarly as in [20], we have the lower bounds #} > j(ep —1) —xfe(ep — 1) =: P}
and @3 > p+min,>o(un—xfe(n))—1-m =: @as well as the upper bound Q* < m+1
for the boundary condition of u’}m . For completeness and convenience, let us show similar
bounds for the boundary condition of ugz,,. Let S* and S~ be the distances from p to
pu+ and py, along the boundary, respectively. First, expressing the total perimeter of ur,,,
the number of edges between p and p' clockwise and the number of + edges on the
boundary of u7, , respectively, we find the equations

9] +92+@ = QTm—l —f]{m
S™ + Qo + max{0, K} = ¢
P = 8§ —min{0, K, }

where § = 11if S, = R}',T 4Ky and otherwise § = 0, as well as S~ is the number of
- edges on Ry, N deg. The solution of this system of equations is

9 = YTm—l +85 =6
D =g — S5 —max{0, K}
P = § — minf{0, K,,}

We have S~ € [0,1 — min,>o(un — xfe(n))], and the function n +— pun — xfec(n)
is increasing. Therefore, we deduce Q| > u(ep — 1) — xfe(ep — 1) — 2 =: Qp and
Q) > g +min,>o(un — xfe(n)) — 1 —m =: Q, together with # < m + 1. The claim
follows. o O

Proof of the convergence P;fq — P%.

The triangulation £ 4(t, o) (respectively, Lo (t, o)) can be represented as the gluing
the triple oL 4 (R, u7,,, u’;m) (respectively, Loo (Roo, Uso, Uh,)) along their boundaries.
This is done pairwise between the three components, taking into account that the location
of the root vertex changes during this procedure. Given a triangulation t with a simple
boundary, and an integer S, let us denote by TS (resp. s ) the map obtained by
translating the root vertex of t by a distance S to the right (resp. to the left) along the
boundary. Denote by p and p’ the root vertices of two triangulations t and t’, respectively,
and let L be the number of edges in t and t' which are admissible for the gluing. More
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precisely, we assume that L is a random variable taking positive integer or infinite values,
such that

Lp,gL ——— oo in distribution and L5, L = 00 almost surely. (5D
P.g—>0

Finally, let t @ t' be the triangulation obtained by gluing the L boundary edges of t on
the right of p to the L boundary edges of t' on the left of p’. The dependence on L is
omitted from this notation because the local limit of t @ t’ is not affected by the precise
value of L, provided that (51) holds.

Now under P, ,, we have

T ASTHS” * PR
&, 0) = (uR,) Sur, where  uR,, =ug, & (Ry) (52)

where we recall that S* and S~ are the distances from p to p,+ and p,, along the boundary,
respectively. Similarly, Lo (t, o) can be expressed in terms of 1o, R, 1%, and ST using
gluing and root translation.

On the event ¢, the perimeter processes (X;),>0 and (Y, ),>0 stay above un —xfe (n)
up to the time 7{. Thus their minima over [0, t¢) are reached before the deterministic
time Npin = sup{n > 0: un — xfe(n) <0}, and S* and S~ are measurable functions
of the explored map e?\,mm. It follows that ., ;S + converges in distribution to L ST on
the event §. Using the relation (52) together with [20, Lemmas 15-16], we deduce from
Lemma 41 that for any x, m, € > 0, and for any r > 0 and any set & of balls, we have

limsup [Py 4([t, 0], € 6) = P ([t 0], € 8) | < limsupP, ;(J) + Poo(t < 00).

p.q—00 Psq—00

The left hand side does not depend on the parameters x, m and €. Therefore to

conclude that P, , converges locally to Po, it suffices to prove that lim sup P, , (§€) +
p,q—)OO

P (75 < 00) converges to zero when x, m — oo and € — 0. The latter term converges
to zero, since if x — 00, we have ¢ — oo almost surely under P.. For the first term,
a union bound gives

Pp,q(gc) = ]P)p,q('f; < Tn) +Pp (T <e€p),
where the first term on the right can be bounded using Lemma 39:

. . 6
lim limsupP, 4(r; < T;p) = 0.
Mm,x—00 p 4500

For the last term, we use the lower bound of Proposition 40:

lim i P, (T, ) < 1 1i /E £+ us ds 0
1m 11m su < € — I1mm ex — max ¢ D — = .
€0 p,q—>og patim =P = 20 P o tela] S\ 1+us) 1+us
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A. A One-jump Lemma for the Process Ly ¢ (X, Yn),>0 at v = v,

The proof is mostly a modification of a similar proof [20, Appendix C]. Here, we need
to take care that both X, and Y, stay close to their asymptotic mean for n < T, with
high probability, as p, g — oo withg/p € [A/, 1], where 0 < ' <1 < A < co. We
follow the exposition and the notation of [20].

For starters, we write

ik = Poo(—(X1, Y1) = (k, k")) and  p{ = Poo(—=X1 = k), P} = Poo(=Y1 =k).

Then, for k < p — 2 and k" < g — 1, the basic relation for the comparison of the laws
of the perimeter processes reads

(p+q)—(k+k")
Zp—k,qg—k' Zp—k,qg—k'Uc
T P = 77 Prks (53)
p,qle Zp,qUc

Ppq(—(X1, Y1) = (k, k) =

as easily verified using the data of Table 7. Observe that this condition is reminiscent
of the Doob A-transform of a random walk, ceased to satisfy it since the condition (53)
breaks down for k > p —2 or k’ > g — 1. We also introduce the following notation: If
A and B are two positive functions defined on some set A, we say that

e A(y) < B(y) for y € A, if there exists C > 0 such that A(y) < CB(y) for all
y € A;
e A(y) < B(y)fory € A,if A(y) < B(y) and B(y) < A(y).
We fix a cutoff 6 € (0, 1) and let py := ﬁ sothat9p < p—2and g < g — 1 for

all p, g > pg. The following lemma gives estimates for the jump probabilities of the
perimeter processes in a single peeling step:
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Lemma 42. Assume throughout the lemma that q/p lies in a fixed compact interval
I € Ry such that O ¢ 1. Then the perimeter increments during the first peeling step
satisfy the following probability estimates:

(i) p{ = p; < k773 fork > 1.
(ii) Ppy({(—X1 =k}N{=Y1 <q—1) <k Pand P, ,(~X1 = p—k) =< p~ k=43
forall p,q > pgand 1 <k < 0p.
(i) Ppo({(=Y1 = k}N{=X1 < p=2}) <k P and P, ,(-Y1 = q—k) < p~ k=3
for p,q > popand 1 <k < 6q.

prg—(k+k’)

prq—(k+k")
Tp—k, _K/Uc
P—k.q—:

(iv) R 1

Zp—k,q— —k U _1
2pqub

< p Vkl+p~3and < p K|+

p~ '3 for any (k, p), (K, q) such that =2 < k < 6p and =2 < k' < 6q.
(v) For p,q > pg, x € [1,0(p Ag)land m > 1,

Ppg(=X1 <p—m, =Y <qg—mand (—X1) vV (=Y1) > x) < x 43 +p_]m_l/3.
In the following, let A, = {(—X1) V (=Y1) < x} and W be either u — X or

w—=7r
(vi) Pp, q({W > h} N Ay) < 4P s Bp g Wiliw=nnal < h='/3 and

Ep oW Liw<mna,] < h2/3forp,q > po, x €[1,0(p Aq@)land h € [1, x].
(vii) | Ep g (Wil < x™' for p,q = pg and x € [1,0(p A 1.
(viii) For p,q > pg, x € [1,0(p Aq)]l and & € [2x‘1, 1],

log( [eisW]l;{A]) < x AR5

Proof. (i) Proven in [20].

(ii) First, since Py ,({—X1 = 1}N{=Y1 < g —1}) has a finite limit as p, ¢ — oo while
q/p € 1,wehave P ,({—X; =1} N{-Y; < g —1}) < 1. Thenfor2 < k < 6p,
we write

—k, Z —k,g—1
Ppg((=X1 =k} N{=Y; <q — 1)) = 2= PO+ T
Ip,qUec Zp.qlec

Since k < Op, the asymptotics of Eq. (8) yleld Zp= "" =< 1 and Z‘z’ karl — 1. The
p.q c
first estimate follows then by (i). For the second estlmate, we note that

Zk,g—1Zp—k+2,0 Zk,qZp—k,1
Pp‘q(_Xl =p—k= tc# +tcch
ip.q Zp.q
4

~Cpoq) - al - ((p—k+D T+ (p =) 7F) - p

where C(p, q) 1s a bounded constant depending on p, g and bounded away from
zero. Since aku = k=3 as well as (p—k+ )13 < ’7/3 =< (p—k)~ 713, the
desired result follows.

(iii) Since P, ,({=Y1 = 1} N {=X| < p — 2}) has a finite limit, P, ,({—=Y; = 1} N
{—X1 < p—2}) < 1. Then, assume 2 < k < fq, in which case

—k Z 1,9—k
Py~ =k} N{=X| < p—2}) = 2= —Posk+ T
p.qlec Zp.qUe
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Since k < Aq, the asymptotics of Eq. (8) yleld gk — | and 24k = 1. The first

Ip.ql c
estimate follows. Secondly, for k = 2, . Gq,
Zp+1,kZ1,q—k—1 Zp,k20,q—k+1
Ppg(=Y1=q—k) =t +1cve
ip.q ip.q

4

~C(p.q) -t (@ —k+ DT+ @ —k=D7F) - pi

where C(p, g) is bounded and bounded away from zero. The result follows since
(q—k+1)7P =g <@—k—=1)""andg < p.

(iv) From the asymptotic expansion z,, jul ™ %p‘“” (L+0(p~173)),
we see that there exist constants C = C(6) and pyp = po(f) such that for all
P-q = po,—2 <k <fpand -2 <k <6q,

— k)~ 1/3 [T _ 13
(p 1>1 i (1_Cp_1/3> < Ipkak (p ])1 i (1+cp—1/3).
p~t 2p.qukt* p~

After writing down the Taylor expansions of each of the sides of the inequality, the
rest of the proof of the first estimate goes similarly as the proof of a corresponding
claim in [20]. The second estimate follows after swapping the roles of p and ¢, and
k and k', respectively, and noting that ¢ ~! |[k'| + ¢=1/3 =< p~L|K'| + p~1/3.
(v) We estimate
Ppg(=X1 < p—m, =Yy <qg—mand (=X)V (=Y1) > x)
< Ppg({—=X1=p—-2IN{0g > —Y1 > x})
+Ppq (Y1 =g—-1}N{0p >—X| >x})
+ qu(—X1 € [0p, p—m]) +Pp4(=Y, €0q,q —m])
(1-6)p (1-6)q
< Zk 7/3 +Zk 73 4 Z IR Z P < g p 1B,
k=m
where we used the results (ii)-(iii).
(vi) This goes similarly as the proof of a corresponding claim in [20], after one notices

that the conditions x < fgandh > limply{h—u < —-Y; <x} C {l < —-Y] <0q}.
(vii) Fork < p —2and k’ < ¢ — 2, Eq. (53) gives the estimate

1Bpg (X1, =11) = (k. ) = prose| < prw | 220
Zp.qUc

-1
If W = u — X, the equation above then yields

|Ep.g[Wilz,1— Es[Wlg,]

3 k) (Ppg (X1 =k, =1 € [1,x]) — Poo (X1 =k, V] € [—Lx]))'
k=-2

Z Z H+K) (Ppg (X1 =k, =) =K) — Po (X1 =k, =Y| =)
k=—2k'=

IA

Z Z I +k||Ppg(=X1 =k, =Y1 =k') — pr |

k=—2k'=—1
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Zp—k,q—=k'
k+k'
Ip.qUc

X X

< Y > Intklpew
k=—2k'=—1
X

< D kiR +3)7R (p K+ p7 ) < p7 P
k==-2

_1‘

where we used the estimates (i) and (iv). If W = u — Y1, symmetry and the second
estimate in (iv) yield the same asymptotic upper bound. The rest of the proof goes
like the proof of an analogous claim in [20, Appendix C].
(viii) This is proven, mutatis mutandis, in [20, Appendix C].
0

Letty = inf{n > 0: | X, — un| v |Y,, — un| > x}. Then, using the Markov property,
we find the following analog of [20, Lemma 24].

Lemma 43. Fix some € > 0 and let x = (N(log N)1+6)3/4. Then for any 0 < Amin <
1 < Amax < 00, 0 € (0, Amin), P, q > po := po/(1 —0) such that% € [Amin, Amax] as
wellasm > 1 and x, N > 2 such that x € [1, %(p A q)], we have

! FELSSVE
(log x +log N)!*€/2 ~ p '

Pp,q(fx SN, o <Ty <

Proof. Forn > 1,let AX,, = X,, — X,—1and AY, =Y, — Y,—1, and
Jy=inf{n >1: (-AX,)V (—AY,) > x}.

Following the corresponding proof in [20], we bound the probability of the event {7, <
N, 1, < T,} both in the cases {J, < t,} (large jump estimate) and {7, < J,} (small
jump estimate).

Large jump estimate: union bound We have

N
Ppg(tx <N, 7w <Tpand Jy < 1y) < ZPP,q(n <t andJ, =n<T,).

n=1

If n < 1y, in particular P,_1 > p —x and Q,,—1 > g — x. Let

Amin — € /
D=1 a):pzp—x.qd zqg—x T <L < (110)hmn+6].
1+6 p
(54)
Then for i < t,, we have the estimates
% — A M _a < (@ — AmaxP) + (1 — Amax)i + (1 + Amax)x
Pi max_p+,bLi—X max = Py
1+
< M S 9(1 +)"max)
p—x
and
Qi Ami >6]+Mi—x N > (q_)‘-minp)+,u(1_)\-min)i—(1+)\.min)x
&~ /min . — Amin =

P; T pHui+x p
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14+ Ay 0
> _ U # i) > —(1 + Amin) ——,
1+6

since by assumption, Apinp < ¢ < Amaxp and 1 < x < 1%. In particular, this holds for

i =n — 1, and we conclude that (P,_1, Q,—1) € D.
On the other hand, J, = n < T,,, immediately implies P, > m, Q, > mand (—AX,)V
(=AY,) > x. Thus, the Markov property of (P,, Q»)n>0 gives the upper bounds

Ppgn<trand Jy =n <Ty,)

<Epg (Pr, 1.0, (PL>m, Q1 >m, (=X1)V (=Y1) = X) Lip, \>p—x.0, 12¢-x})

< sup Py (=Xi<p-—m, =Y <qg—m, (=X V(=Y1)=x).
(p'.q")eD

The assumptions p, g > py = 1pT99 and1 <x < 1%(p/\q) ensure that, for p’ > p—x

and ¢’ > g — x, the condition p’ A g’ > py with 1 < x < 0(p’ Aq’) is satisfied. Hence,
by Lemma 42 (v),
Pty <N.7e < T and Jy <7,) < N (x*“/-3 +p*‘m*‘/3)

x4/ N _in

_ N 55
(log Nyiv " 4

Small jump estimate: Chernoff bound For each of the four unit vectors e € Z2, define
i =inf{n >0: (un — X,, un —Y,) -e > x} ,
so that 7, = min, t¢. We start by estimating

Ppg(tx N, tx <Typand Jy > 7)) < Ppy(ty < N, 70 < Jy)

<Y Ppg(e=tf<N. T8 < J). (56)
e

Ift¢ =n < Jy, then (un— X, un—Y,)-e = >+ (u— AX;, u— AY;)-e > x, and
(=AX;) Vv (—=AY;) <xforalli =1,...,n. Therefore, applying the Chernoff bound,

Ppqlte =18 < N, 18 < Jy)

N n
<) Epg []l{rx=r§=n} [1 eéw_AX"’”_AY")'eﬂ{<Axi)v(Aynsac}}
n=1

i=1

N n
<e ) Epg |:]1{rx=n} I1 eé(ﬂ_AXi’M_AYi)'e]l{(AXi)V(AY,-)Sx}j| (57)

n=1 i=1

forall £ > 0.

For p,q € NU {oo}, let ¢}, (&) = Ep,q[.eS(M_XI’“_Yl)'e]l‘ﬂx], where A, = {(=X1) v
(=Y1) < x} was already encountered in Lemma 42. Since the pair (X1, Y]) takes
only finitely many values on the event A, and £} (X1, Y1) — Loo(X1, Y1) in dis-
tribution, we have ¢, 5(§) — @5 (§) as p,q — oo and ¢/p € I for any compact
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interval / € R, such that O ¢ I. Recall the set @ defined by (54). Since the peel-
ing process converges in this set when p’, ¢’ — oo, the function <p;;eq,(é ) is con-

tinuous in its one-point compactification @ U {(oco, 0o)}. Hence, there exists a pair
(p*’ CI*) = (p*(xv €, g)’ CI*(X» €, g)) € @ ) {(001 OO)} SuCh that

@y, E) = sup @05° (&),
Ped (v'.q)eDUl(0.00)) T

Let (AX}, AX}),>1 beasequence of i.i.d. random variables independent of (X,,, ¥},) >0
and with the same distribution as L), 4, (X1, Y1). Define

—(AX;, AYy) ifi <1y

Ui, Vi) = ,
Wi, Vi) {—(AX;“,AY;‘) ifi > 1,.

On the event {t, = n}, the future (U;, V;);~, of the process is an i i.d. sequence inde-
pendent of the past such that E, ,[e5 “+UimVieq |y 0] = ¢, (£). Therefore we
can continue the bound (57) w1th

N n
e Epy [ﬂ{rx=n} 11 eé(“U"’“V")'eﬂ{U,-stx}}

n=1 i=1

N N
N—
Z (pp* qx (S) B n)EP q |:]1{T =n} Heg(lﬁu’ Vi) e]l{U vV; <x}:|
n=1 i=1

N
S Aveps @) Epg [H ef“‘*"f*“*V“'*nw,-vv,sx}} : (58)
i=1

Now 7, is a stopping time with respect to the natural filtration (#,),>0 of the process
(Un, Vi)n=0. Therefore for alli > 0,

+Uit1,1u4+Vig1):
E[J,q I:eé(li i+1, 1+ Vie1) e]l{Ui+1\/‘/i+1§x} |g¢l:|

= Ljicry - 0p 0, &) + Liizry - 9.5, () < 03, (6),

where we have the last inequality due to the fact that (P;, Q;) € @ ontheevent {i < 7.}.
By expanding the expectation in (58) with N successive conditioning, we see that it is
bounded by (pf,;fq* (&)N. Then, combining (57) and (58) yields

Ppg(ta =Tf SN, T8 < Jy) < e (@S, &Y V).

By Lemma 42(viii), there exists a constant C such that (pf,f] (&) < exp(Cx™¥/ 365%) for
all p,g > po, x € [1,0(p Aq)], & € [2x~1, 1] and unit vector e € Z2. Note that
we already have seen in the derivation of the large jump estimate that the conditions
p>p—xandq >qg—ximply p’ Aq’ > pgand 1 < x <0(p’ Aq’). Therefore, we
also have ¢, (§) < exp(C x~4/3%%) by the definition of @54, (€). Hence,

Ppg(tx =1 < N, tf < Jy) < exp(—Ex+C - Nx 43¢5y .
Plugging this into (56) and taking £x = cloglog x with ¢ = 1 + €/2 yields
Ppg(tx <N, 7, < Tpand J; > 1) < 4exp(—cloglogx + CNx*3(log x)).
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Thanks to the relation between x and N given in the assumptions, we have Nx ~4/3 (log x)¢
—4/3 (log x+log N)*

= X JogN)I¥ > which is bounded by a constant for x, N > 2. It follows that

Ppg(ty <N, 17y < Ty and Jy > 1,) < exp(—cloglogx) = (log x +log N)™°.

By adding the large jump estimate (55) to the above small jump estimate, we conclude
that P 4 (7y < N, 7 < Tp) < (logx +1log N)™¢ + Np_lm_1/3, where we again use

—4/3 (log x+log N)* O
(lOg N)l+e

the boundedness of x
Proof of Lemma 39. Let A, = |X,, — un|V |Y, —un|.Recall that 7y =inf{n > 0: A,
> xfe(n)} where fe(n) = ((n +2)(log(n + 2))“6)3/4, and we want to prove that
lim limsup qu(l’ < T,) =0 while 4 e[V, A].
4

X.m—>00 p 4500

Consider the sequences (Ny)r>0 and (xx)x>0 defined by No = xo = 0,
AN =N —Ni_p =2°  and  Axg = xp — ;g = %C(AN;( (log AN+ )/,

Then we have Ny = 2%*1 — 2 and

3 (k1)

224 (i log2)4“+€)<§'23/4 (klog2)4“+f><x(2’<(1og2")‘+€)
i=1

3/4

In other words, x; < xfe(Nk—1).

Consider the sequence of horizontal segments Iy = {(n, x;) : n € (Nx—1, Ng]}. Due to

the previous inequality, all of these segments are below the curve A, = xf.(n). Let
K3 ,, be the index k where A, goes above /i for the first time up to T}, that is,

K5, =inf{k > 1:3n € (Ny—1, N¢Ist. Ay > xpandn < T} .

Then we have {r; < T,} C {K},, < oo}, and an union bound would allow us to
restrict our consideration to the set on the right hand side of the inclusion. Observe
that, for any n > 1, the conditions Ay, ; < x¢—1 and Apyy, , > xi imply Ay

[ XnsnNy — XNy — unl vV YN, — YN, — un| > Axy. Therefore by Markov
property of L 4 (X, Yi)n=0,

Ppg(K5 =k
<Epq [PPNk_l,QNk_I (3n € (0, AN(I s.t. Ay > Axg and n < Tm)]l{ANk_]kafl}] :

On the other hand, Ay, , < xx_ also implies

ONney (6] Ap) + (1= M N1+ (A + M1 (L+A)xp—s
Ly P+ Nk—1 — Xk—1 TP — Xk—1
and
ON_s U AMp) Ap=WINey = A+ M (L4 A

—}\. >
Py, _, P+ WNp—1 + xg—1 P+ Xp—1
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We note that x;—; < xfe(Ap), which is of smaller order than p. Let Apjn and Apax

be positive constants such that Ay < A’ < 1 < A < Amax. Then for p large enough,
OV

Py € [Amin, Amax]. In this case, we obtain
k—1

Epg I:PPNk—l’QNk—l (Eln € (0, ANy]st. Ay, > Axpandn < Tm)]l{ANk,lka—l}]

= sup Pp/‘q/(TAxk < ANk, Tax, < Tw)
/
P'Zp—xk-1, ¢'2q—Xk—1, %E[)Lmins)tmax]

Let ko = ko(p, q) be the largest k such that Ny < A(p A g), where A > 1 is
some cut-off value that will be sent to infinity after p, x and m. Explicitly, kg =
Llogz( (png)+ 1)J and ANy, = % + 1 = O(p). Then, for any fixed x, m
and in the limit p, ¢ — o0, we have Axk < Axgy < 1+9(p Ag)and p — xp—1 >
p—xfe(A(pAg)) > pgaswellasqg —xx—1 > g —xfe(A(pAgq)) > pg forallk < ko.
Therefore we can apply Lemma 43 to bound the above supremum, and obtain for large
enough p, g and kg that

P, (K <k)<i ! +ANkm71/3
P e =50 L\ (log(x/3) + log(ANO) 2 ™ p

ko

1 Nip —173 _ 1 13

/; (log(x/3) + klog2)1+¢/2 * S ogo)2

On the other hand, kg < K7 ,, < oo implies T, > Ni,. Therefore

Ppqglko < K5, <00) < Ppo(To > Ny, ko < K, < 00)

,m
= Ep,q (PPNk —1'QNI< _1(T0 # 1)]1(T0>Nk071)]1(k0<1(§ m<oo))

Now Tp > Ny, — 1 implies PNko— 1 >1and Q Ngp—1 = 1, and together with kg < K
also A Nig—1 = Xko- This yields the estimate

(1+ A)xg, - O Ny, —1 s (1 + A)xg,

A= < < .
p+xk0 PNkO—l P — Xk

(1+\)xg,
[’+xk0

<1<t (1+A)xk0
Amax < 00. On the other hand for p’,q’ > 0 such that ¢'/p’ € [Amm,)»max] we

have P,y o(To = 1) ~ —vcte3 hcf’g“/'p,) (p)*3(q")~7/3. Thus, there exist a constant

8 = 8(Amin, Amax) > O such that

Therefore, for p large enough, we have 0 < Apin < A’ —

)
yDo#D 1=
We also have the trivial estimate P, < p + 2n. In the end, we conclude

Epg (PPNk 1.0 1 (To # 1)]1(T0>Nk0—1)]1(ko<1<;,m<oo>)
Nk() —1

Nig 5
= l_[ < p+2n>§eXp B Z p+2n

n=0
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IA
N
[SE9)
e
s | &
(=)
—
e

)
Since Nig = 2(29071 = 1) = 4(p A q) — 1, it follows that (%12) * < A™%. We
conclude that for every fixed A > 0, and uniformly for x > 0 and m > 1,

: € : € —€/2 —-1/3 -3
limsup Py ,(t; < Tj) < limsupP, ,(K; ,, < o0) < (logx) + Am + A2,

,m
p.g—>00 P.q—>0

Taking the limit m, x — oo and then A — oo finishes the proof. O
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