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Abstract

Motivation: In genomic data analysis, high-dimensional correlation matrices pose challenges in interpreting complex relation-
ships among genomic features, particularly due to overfitting. Traditional approaches generate sparse correlation matrices by
setting correlations below a predetermined threshold to zero, with the threshold typically determined through Frobenius norm
minimization via cross-validation.

Results: In this study, we propose a novel alternative thresholding strategy based on an empirical Bayes framework that con-
trols the false discovery rate among nonzero correlations. This method offers two key advantages: first, it is compatible with
any correlation measure and, second, it provides an estimation of the expected false positives among nonzero correlations. By
formulating the construction of a sparse correlation matrix as both an estimation and an inference problem, our approach
enhances interpretability and demonstrates greater sensitivity in retaining true biological correlations than threshold selection
based on the minimization of Frobenius norm.

Availability and implementation: The relevant R package called sc£dr is available from github.com/ariefgusnanto/scfdr

1 Introduction

In analysis of gene expression data, identifying groups of genes
that exhibit similar expression patterns across samples is critical
for many reasons. For example, to understand gene function and
regulation, co-expression analysis helps in constructing gene co-
expression networks, which illustrate how genes interact and regu-
late each other (Langfelder and Horvath 2008). By identifying
groups of co-expressed genes, researchers can also infer the
function of unknown genes based on the known functions of their
co-expressed partners (Gaiteri et al. 2014). In cancer research,
co-expression analysis can reveal gene modules and network pat-
terns associated with tumour progression and patient prognosis
(Ma et al. 2010, Yang et al. 2014). Analysing how gene expression
changes in response to drug treatments also helps in understand-
ing the mechanisms of action and can guide the development of
more effective therapies (Garnett et al. 2012). Furthermore, co-
expression analysis can help identify gene modules and hub genes
associated with disease prognosis and clinically relevant stratifica-
tion, thereby supporting downstream biomarker discovery and
more personalized analysis (Ma et al. 2010, Shi et al. 2017).

For those purposes, a correlation matrix has been instrumen-
tal in measuring the co-expression between genes. More
broadly, measures of statistical association between genes un-
derpin several frameworks widely used in gene-expression stud-
ies, including cluster analysis, principal component analysis,
linear discriminant analysis, co-expression or interaction-
network reconstruction (Jiang, et al. 2004, Zhang and Horvath
2005, Paliwal and Sharma 2010, Serra et al. 2018), and related
graphical-model approaches such as partial-correlation
Gaussian graphical models and Bayesian networks incorporat-
ing biological prior knowledge (Werhli and Husmeier 2007,
Bernal et al. 2019). However, this approach has significant limi-
tations, particularly in the context of high-dimensional genomic
data where the number of variables far exceeds the number of
observations. The first immediate challenge is overfitting: in
high-dimensional settings, empirical correlation matrices can
capture spurious associations that reflect sampling variation
and noise rather than genuine biological relationships (Bickel
and Levina 2008, Serra et al. 2018). Second, the standard (dense)
correlation matrices are difficult to interpret because almost all
(if not all) of the entries are nonzero. For example, for data with
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20 000 genes, we need to interpret almost 200 million correla-
tions between pairs of genes. Identifying meaningful gene-gene
associations among such a large number of nonzero correlations
can therefore require additional postprocessing, such as net-
work construction, topological-overlap transformation, or
resampling-based inference (Luo et al. 2007, Cai and Liu 2016,
Colby et al. 2018, Voigt and Almaas 2019). These procedures in-
troduce further modelling and tuning choices and may require
substantial additional computation merely to obtain an inter-
pretable representation of the original correlation matrix.

In recent years, there has been a growing recognition of the
advantages of estimating sparse correlation matrices, which as-
sume that many of the true correlations are zero. By imposing
sparsity, we can mitigate the risk of overfitting and focus only
on the most significant correlations that lead to more robust
and interpretable results (Meinshausen and Buhlmann 2006).
This simplification is particularly valuable in uncovering biologi-
cally meaningful patterns (Friedman et al. 2008). Sparse correla-
tion matrices are often constructed by setting correlations with
absolute value below a threshold to zero (‘hard thresholding’),
in contrast to ‘soft thresholding’, which shrinks correlations to-
ward zero while retaining all entries (Langfelder and Horvath
2008). More generally, hard-thresholding estimators have a sub-
stantial literature in sparse covariance and correlation estima-
tion, with threshold selection often guided by a matrix loss such
as the Frobenius norm (FN; Bickel and Levina 2008; Rothman
et al. 2008, 2009; Jiang 2013). In genomic applications, Serra
et al. (2018) adapted this strategy to robust correlation estima-
tion for high-dimensional gene expression data.

We find that a threshold selected to minimize global matrix-
estimation error (FN) need not be optimal for identifying truly
correlated gene pairs. In particular, it may be overly conserva-
tive from a discovery perspective and thus reduce sensitivity, es-
pecially for moderate but biologically meaningful correlations.
In this work, we therefore formulate the threshold selection as
an inferential problem and choose the hard threshold by con-
trolling the false discovery rate (FDR) among the retained non-
zero correlations. This leads to a sensible interpretation and a
straightforward inference on the nonzero correlations. We em-
phasize that our concern is not with hard thresholding itself; in-
deed, our proposed method also uses hard thresholding.
Rather, the issue is the criterion used to choose the threshold.

The paper is organized as follows. The relevant methodology
is described next in Section 2, including the datasets used to il-
lustrate the method. Section 3 shows the results, and the discus-
sion is presented in Section 4. The conclusion is presented in
Section 5.

2 Methods
2.1 Dataset

To illustrate our approach, we consider two gene expression
datasets. The first one is from the Cancer Cell Line Encyclopedia
(CCLE) project (Barretina et al. 2012) that compiled gene expres-
sion data (among other types of data) from human cancer cell
lines. For our purpose, we focus on glioma cancer lines. The
data were downloaded from gene expression omnibus with

accession number GSE36133. The data consist of 43 arrays with
54 675 probesets. We pre-processed the data using robust multi-
array analysis (RMA) for normalization (Bolstad et al. 2003,
Irizarry et al. 2003). After this step, we only consider 13 044 pro-
besets that are ‘present’ in all arrays (patients) according to the
Microarray Suite 5 algorithm (McClintick and Edenberg 2006) for
further analysis.

The second dataset is the glioblastoma (GBM) gene expres-
sion data from The Cancer Genome Atlas (TCGA; Cancer
Genome Atlas Research Network 2012, 2014; Brennan et al.
2013), under the Genomic Data Commons (GDC; Grossman et al.
2016). The data were downloaded from Xena Functional
Genomics Explorer in the University of California, Santa Cruz
(Goldman et al. 2020). We consider the Fragments Per Kilobase
of transcript per Million mapped reads with upper quantile nor-
malization (FPKM-UQ) for our illustration. In the data, we have
173 patients with expressions from 18 467 genes.

These normalization choices follow standard pre-processing
conventions for the respective platforms. We used RMA for the
Affymetrix microarray data because it provides established
background correction, normalization, and summarization
(Bolstad et al. 2003, Irizarry et al. 2003), whereas for the TCGA
RNA-seq data, we used the FPKM-UQ values as provided by the
Xena/GDC resource. Since the two datasets are analysed sepa-
rately and serve only to illustrate the proposed thresholding
strategy, rather than for direct cross-platform comparison, these
choices are not expected to affect the methodological conclu-
sions. We nevertheless note that normalization may influence
the induced correlation structure and should therefore be con-
sidered when interpreting dataset-specific results.

2.2 Correlation

We first introduce the notation we shall use in this study. For
this purpose, and without loss of generality, we consider the
case of gene expression data although our approach can gener-
ally be implemented in any other genomic data where comput-
ing correlation between genomic features is relevant and,
indeed, biologically meaningful. Let x;; be the expression of gene
jinindividual i, i=1,2,...,nand j=1,2,...,p. We assume that
the data have been properly normalized prior to analysis (for
the datasets considered here, the normalization procedures are
described in Section 2.1), since otherwise the resulting correla-
tions may reflect technical artefacts rather than biologically
meaningful association. We denote the sample (observed) corre-
lation between a pair of genes jand /, j#j andj =1,2,...,p,
as rjy. For the correlation measure, we consider the robust corre-
lation based on median absolute deviation (MAD) used by Serra
et al. (2018), which was originally proposed in Pasman and
Shevlyakov (1987). For completeness, we also include some
existing well-known correlation measures in our computational
package, such as Pearson correlation, Spearman correlation,
and Kendall correlation. However, our study does not aim to
compare different correlation measures, nor propose a new
one. The choice of which correlation measure to consider
depends on the characteristics of the data, such as robustness
to noise and outlying observations, as discussed further in
Section 4. Our approach in this study does not depend on which
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correlation measure used, which is an advantage of the local
FDR control discussed in the next section.

The robust MAD correlation can be described as follows. For a
pair of genes jand j/, j #/, robust MAD correlation is defined by

MAD _ MAD?(u) — MAD?(v)
y MAD?(u) +MAD?(v)’

x;—median(x;) | Xy —median(x;)

C U= SuanGy) VZMAD(xy)
., _ x-median(y) Xy - median(xy )
V= V/2MAD(x;) V2MAD(x;) and

* MAD(x;) = median(|x; — median(x;)|) fori=1,2,...,n

and |-| denotes the modulus or absolute value. We use the
robust MAD correlation as a practical default in the analysis
because it is robust to outlier and computationally scalable (Serra
et al. 2018). Genomic data tend to have some characteristics that
expose the drawbacks of many well-known correlations, which we
will revisit later in the discussion.

2.3 Local FDR

We now introduce a more general notation for the correlation
statistics described above. Let Z; denote the random correlation
statistic for the pair of genes (j,j), with j <, and let z; denote its
observed/realized value. Thus, throughout this section, uppercase
letters refer to random variables and lowercase letters to their real-
ized values. For notational simplicity, when no ambiguity arises,
we suppress the pair-specific indices and write Z for the generic
correlation statistic and z for its observed value. We consider only
the off-diagonal elements of the correlation matrix, giving a total
of ng = p(p — 1)/2 pairwise correlations.

We consider the empirical Bayes formulation (Efron et al.
2001, Ploner et al. 2006) where we assume that the distribution
of the observed correlations, denoted f(z), to follow a mixture
distribution

f(Z) = ﬂofo(Z)+(l—7[0)f1(Z) (l)

where 7, is the proportion of noncorrelated pairs of genes,
0 < 7y < 1. The densities fo(z) and f1(z) are the distribution of sta-
tistics of pairs of genes that are noncorrelated and correlated, re-
spectively. We also follow the convention (Efron et al. 2001, Ploner
et al. 2006) to allow f(z),fy(z) and f;(z) to be nonparametric. In
practice, f(z) can be estimating using the kernel density of the ob-
served correlations and fy(z) from permuted data under the null
hypothesis that there is no correlation between any pair of genes.
The latter will be described in the next section.
The local FDR is calculated as follows:

fo(2)
FDR(z) = P(Ho|Z = 2) = mo—— 2
(2) = P(HolZ =2) = mo g @)
where Hy denotes the event that the gene pair is truly uncorre-
lated. It is therefore interpreted as the posterior probability that
a gene pair is truly uncorrelated, conditional on observing corre-
lation statistic Z=2z. It can be considered as the expected

proportion of false positives if a pair of genes with (observed)
correlation Z =2z are declared to be correlated. The quantity
1-FDR(z), on the other hand, is interpreted as the posterior
probability that pair of genes being correlated given that the
correlation between the pairis Z = z.

A useful consequence of this formulation is that the (global)
FDR over any rejection region (Benjamini and Hochberg 1995)
can be expressed as the conditional mean of the local FDR
among the selected correlations (Ploner et al. 2006). Let R de-
note the rejection region, so that a pair of genes is declared cor-
related whenever Z € R. Then the global FDR is given by

FDR(R) = P(Ho|Z € R)

or, by the law of iterated expectation, this can be written
as follows:

FDR(R) = E[P(Ho|2)|Z € R] = E[fdr(2)|Z € R (3)

Since the local FDR at the observed value z is given by (2), the
above conditional expectation can be written as follows:

_ yfdr(2)f(2)d 2 [y7ofo(2)dz
RO =5z em  ~ Pzem 4)

Therefore, the global FDR is simply the average of the local FDRs
over the correlations whose observed values fall in the rejection
region. In practice, this is estimated by averaging the local FDR
values of the retained observed correlations, as described in
Section 2.5.

This means that, in declaring whether a pair of genes is corre-
lated or not, the usual control of FDR in estimating a genome-wide
correlation matrix can be implemented. For example, consider a
situation where we have 15 000 genes in our dataset, which means
there are ~112.5 million correlations between genes. Suppose our
approach declares 50 000 pairs of genes to be correlated with
(global) FDR 1%. This means that 500 correlations are expected to
be false positives. This simple interpretation and statement is a
major advantage when we are dealing with correlation of high-
dimensional genomic data.

2.4 Estimating fy(z) and 7,

Within this empirical Bayes formulation (Efron et al. 2001), the
estimation of fy(z) and =, provides the ingredients required to
evaluate the local FDR in (2). As mentioned above, the density of
uncorrelated pairs of genes fy(z) is estimated under the null hy-
pothesis that none of the pairs of genes is correlated. Under the
null hypothesis that there is no pair of genes that are correlated,
we perform the following steps:

1) We randomly select a pair of genes, e.g. X, and X,
m,m € {1,2,....,p},m#m'.

2) Within each of x,, and x,y, we independently shuffle the gene
expressions for those genes under the null hypothesis. This
will create the vectors of (shuffled) gene expressions x,
and x;,.

3) Calculate the correlation between x;, and x;

* — * * m
z = I’(erXm,).

denoted
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4) We repeat Steps 1-3 above n; times to obtain ns correlations
under the null hypothesis. Our experience suggested that
ns = 0.04p? for p>10 000 is generally sufficient to sustain
the mass of fy(2).

5) The density of the uncorrelated pairs of genes fy(2) is there-
fore estimated as f(z*).

We estimate the proportion of the uncorrelated pairs of
genes, mp, by noting that FDR(z) is bounded by one. Therefore,

f(2)

7o <min, —= (5)

fo(Z)

and we take this upperbound of as an estimate of 7, (Efron et al.
2001). This permutation scheme is used to estimate the marginal
null distribution of the chosen correlation statistic for a single gene
pair: by independently shuffling the two expression vectors, it
preserves the marginal distribution of each gene while removing
pairwise association under the null (Efron et al. 2001). It is not
intended to reproduce the full joint dependence structure across
all pairwise correlations, which may be induced by shared genes or
broader latent structure (Pawitan et al. 2006).

2.5 Threshold for sparse correlation
matrix construction

The key step in the construction of a sparse correlation matrix
with hard thresholding is to identify the threshold h, below
which the correlations will be set to zero. Consider the case of
correlations between genes j and j/, zy, for j#/'. To create a
sparse correlation matrix Z° with elements z;, we perform the
thresholding on z; such that

where I(-) is the indicator function, which equals to one if the
expression within the brackets is correct and zero otherwise.
The threshold h is chosen such that the (global) FDR of the
correlations that pass the threshold is less than or equal to a
prespecified value 6. In other words, we set h such that

FDR(fR(h)) = E(fdr(2)|R(h)) < (7)

In practice, we rank the observed correlations by decreasing ab-
solute magnitude and, for the top t correlations, estimate the
global FDR by the average of their corresponding local FDR values.
The threshold h is then chosen as the largest value for which this
running average does not exceed the prespecified level § (further
details can be found in the Supplementary Material, available as
supplementary data at Bioinformatics Advances online). For the
choice of §, our experience suggested that a more stringent FDR
control is generally a sensible approach for a first investigation be-
fore relaxing the control if necessary. Since we are dealing with a
large number of correlations, proportional to p? and can be in hun-
dreds of millions, we found that setting the FDR control at 0.001 or
0.002 is a sensible first choice.

It is important to note that the construction of a sparse corre-
lation matrix here does not necessarily produce a positive

definite matrix, as rightly noted by Serra et al. (2018). The stan-
dard (dense) correlation matrix itself is not positive definite
when n <p, which is generally the case in genomic data. If the
positive definiteness is absolutely needed, then we can resort to
the nearest correlation matrix algorithm (Higham 2002, Serra
et al. 2018). However, forcing the positive definitiveness does
not guarantee that the sparseness is still retained (Serra
etal. 2018).

2.6 Simulation study

To understand the working characteristics of the proposed
method to produce a sparse correlation matrix, we perform a
simulation study. In the simulation, we vary the simulated corre-
lation between some genes and record the sensitivity and spe-
cificity of the produced sparse correlation matrix. The sensitivity
is defined as how many truly nonzero correlations that are
retained as nonzero (or, survive the thresholding), rather than
the power of a formal sample-size-calibrated hypothesis test.
Similarly, specificity is defined as how many truly zero correla-
tions that are set to zero in the thresholding stage. In addition,
we also calculate the FN between the produced sparse correla-
tion matrix with the true correlation matrix.

We compare our proposed method with the robust sparse
correlation (RSC) method (Serra et al. 2018) to construct a
sparse correlation matrix. Both methods use the robust MAD as
a correlation measure and hard thresholding to create a sparse
correlation matrix. However, the RSC method identifies the
threshold by minimizing the FN while our proposed method
identifies the threshold by controlling FDR on the retained non-
zero correlation. To illustrate the generalizability of the pro-
posed method, we also perform the simulation study using the
Spearman correlation coefficient, and the results are presented
in the Supplementary Material, available as supplementary data
at Bioinformatics Advances online.

The simulated data are generated as follows. A matrix of gene
expression data with a dimension of n =100 by p = 1000 are
generated as multivariate normal with mean g with correlation
matrix ¥; equivalently, ¥ is also the covariance matrix because
all marginal variances are fixed at one throughout the simula-
tion. The mean vector u has elements that range from 0.5 to 1.5.
The covariance/correlation matrix ¥ is of size 1000 x 1000, with
the following structure:

(¥, 0 0 --- 0
0 ¥, 0 --- 0

y—|0 o0 [/ --- 0 ®)
[0 0 0 - /]

where / is the identify (sub-)matrix. This indicates that there are
two correlation blocks that, in genomic application, can be con-
sidered as networks. Outside those two correlation blocks, the
variables are independent. The submatrix Wy, k=1,2, is de-
fined as follows:
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where p is the true correlation between pairs of variables in the
same correlation block.
The simulation settings are set as follows:

* True correlation p is set at different values: 0.3, 0.5, 0.7,
and 0.9.

* The size of Wy is set at 25X 25 and 50 X 50.

* For the proposed method, the level of FDR controlled is set to
range from 0.001 to 0.05.

For each combination of settings, we generate 1000 simulated
datasets. The purpose of varying the different parameter set-
tings is to understand how the sensitivity, specificity, and FN
change as those values change or increase/decrease. The range
of p, in particular, is considered to represent weak to strong cor-
relation, while the different levels of FDR control enable us to
understand the impact of different levels of stringency in
the control.

This simulation study is intended primarily to assess how well
the proposed thresholding rule recovers the underlying sparse
correlation structure. We therefore summarize performance us-
ing sensitivity, specificity, and FN, which quantify recovery of
truly nonzero correlations, removal of true zeros, and overall
matrix accuracy, respectively. This choice is deliberate, because
the method is used here as a threshold-selection rule for con-
structing a sparse correlation matrix, so the central question is
support recovery. In contrast, the false discovery proportion
(FDP) is a replicate-specific random quantity, whereas the FDR is
its expectation over repeated experiments (Benjamini and
Hochberg 1995, Genovese and Wasserman 2002). In highly
sparse settings such as those considered here with
1 -7y = 0.0006, the realized FDP can vary markedly across repli-
cates and is therefore a less stable summary of structural recov-
ery than sensitivity and specificity (Meinshausen and Biihlmann
2006, Pawitan et al. 2006).

3 Results
3.1 Simulated data

The results of the simulation are presented in Table 1 for the ro-
bust MAD correlation; the simulation results using the Spearman
correlation are presented in the Supplementary Material, available
as supplementary data at Bioinformatics Advances online. Overall,
the table indicates that the proposed method has better operating
characteristics than that of RSC (Serra et al. 2018) at different levels
of FDR control. This is indicated with higher sensitivity, while main-
taining high specificity and low FN. This advantage is more sub-
stantial when the true correlation is in the range 0.3-0.7. When the
true correlation is 0.9, the table indicates that both methods have

Table 1 Sensitivity, specificity, and FN of sparse correlation matrix from
1000 simulated data under different simulation settings using the
robust MAD correlation.?

p FDR Wik : 50 X 50 Wik: 25X 25
Sens. Spec. FN Sens. Spec. FN
0.3 RSC 0.000 1.000 0.000 0.000 1.000 0.000
0.001 0.016 0.995 0.001 0.025 0.985 0.001
0.002 0.019 1.000 0.000 0.018 1.000 0.000
0.003 0.027 1.000 0.001 0.026 1.000 0.000
0.005 0.040 1.000 0.001 0.039 1.000 0.000
0.010 0.070 0.999 0.001 0.067 0.999 0.000
0.015 0.095 0.998 0.001 0.091 0.998 0.001
0.020 0.117 0.997 0.001 0.113 0.997 0.001
0.050 0.223 0.990 0.002 0.219 0.991 0.002
0.5 RSC 0.162 1.000 0.001 0.046 1.000 0.000
0.001 0.225 1.000 0.001 0.213 1.000 0.000
0.002 0.305 1.000 0.001 0.285 1.000 0.000
0.003 0.360 1.000 0.001 0.334 1.000 0.000
0.005 0.433 0.999 0.001 0.400 0.999 0.000
0.010 0.535 0.998 0.001 0.499 0.999 0.000
0.015 0.595 0.997 0.001 0.560 0.998 0.001
0.020 0.638 0.996 0.001 0.605 0.997 0.001
0.050 0.770 0.988 0.003 0.752 0.990 0.002
0.7 RSC 0.893 1.000 0.000 0.823 1.000 0.000
0.001 0.930 1.000 0.000 0.913 1.000 0.000
0.002 0956 0.999 0.000 0.939 1.000 0.000
0.003 0966 0999 0.000 0.951 0.999 0.000
0.005 0.975 0.998 0.001 0.963 0.999 0.000
0.010 0.984 0997 0.001 0.976 0.998 0.000
0.015 0.988 0.996 0.001 0.983 0.997 0.001
0.020 0.990 0.994 0.001 0.986 0.996 0.001
0.050 0996 098 0.003 0.995 0.989 0.002
0.9 RSC 1.000 1.000 0.000 1.000 1.000 0.000
0.001 1.000 0.999 0.000 1.000 1.000 0.000
0.002 1.000 0.999 0.000 1.000 0.999 0.000
0.003 1.000 0.999 0.000 1.000 0.999 0.000
0.005 1.000 0.998 0.001 1.000 0.999 0.000
0.010 1.000 0.997 0.001 1.000 0.998 0.000
0.015 1.000 0.995 0.001 1.000 0.997 0.001
0.020 1.000 0.994 0.001 1.000 0.996 0.001
0.050 1.000 0.986 0.003 1.000 0.989 0.002

? The FDR is controlled from 0.001 to 0.05, with the ‘RSC’ row corresponds
to construction of a sparse correlation matrix by minimizing the FN (Serra
et al. 2018). The true correlation p is set to be from 0.3 to 0.9, and the
dimension of the ¥1; and W,, submatrix in the true correlation matrix is
50 % 50 and 25X 25 (9). The simulation results using the Spearman correlation
are presented in the Supplementary Material, available as supplementary data
at Bioinformatics Advances online.

equally good performance. This is not surprising because the high
correlation is relatively easy to be detected and survive the thresh-
olding. In the case of low correlation (p = 0.3), a difficult case, we
can see that RSC has no sensitivity while our approach manages to
have some (albeit low) sensitivity. This situation improves further
as we relax the FDR control and our proposed method still indi-
cates an advantage in sensitivity.
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3.2 Real data

For both real datasets, the primary analysis was carried out us-
ing the robust-MAD and Spearman correlations described in
Section 2.2, with the sparse correlation matrix constructed by
controlling the FDR at 0.001 according to Sections 2.3-2.5; un-
less otherwise stated, no dataset-specific tuning parameters
were introduced. The results of the analysis on the glioma
(GSE36133) data using robust MAD correlation are presented in
Fig. 1; the results using the Spearman correlation are presented
in the Supplementary Material, available as supplementary data
at Bioinformatics Advances online. The figure (left panel)
presents the histogram and density of the observed correlations
f(z) and the density of correlations under the null hypothesis of
no correlation between genes. The plot shows an excess of vari-
ability of the observed correlations (compared to that under the
null hypothesis), indicating some correlations are expected to
be real. Finally, the figure (right panel) also presents the poste-
rior probability 1 — FDR(z). This probability is interpreted as the
probability of the corresponding pair of genes to be correlated
given Z =z. The plot indicates that as the observed correlation
is zero, this probability is also zero. However, as the observed
correlations move away from zero in both directions, the poste-
rior probability of true correlation is increasing towards one.
Using FDR control at 0.001, the analysis indicates that the
threshold to create a sparse correlation matrix is at 0.821. So,
any correlations that are less than this threshold in absolute
value is set to zero. This resulted on 99.977% of correlations to
be set to zero with only 19 626 correlations (0.023%) to be non-
zero in the sparse correlation matrix. With this level of FDR con-
trol, we expect that 20 correlations to be false positives. It can
be shown that when we relax the FDR to 0.01, the resulting
sparse correlation matrix contains >174 000 nonzero

Observed and under H_0 (GSE36133)

— f{z)
— f 0(2)

Density

05 - \

0.0 -

I I I I 1
-1.0 -0.5 0.0 0.5 1.0

RMAD

correlations, or ~0.2%. This behaviour is consistent with the
simulation study: relaxing the FDR target lowers the threshold h,
so that more correlations survive thresholding, increasing sensi-
tivity of the sparse solution while controlling the expected pro-
portion of false positives at the chosen level.

To illustrate some correlations from the sparse correlation
matrix (with FDR 0.001), we present a circular plot for genes that
are correlated with each of NEK2 and CCNA2 as shown in the
Supplementary Material, available as supplementary data at
Bioinformatics Advances online. Both genes are recently been
identified to regulate GBM progression by targeting the cell cycle
(Zhou et al. 2024). In the case of NEK2, the gene is correlated
with 16 other genes while in the case of CCNA2, it is correlated
with 42 other genes. To illustrate that the proposed method can
be used with other correlation measures, we present the analy-
sis results using the Spearman correlation in the Supplementary
Material, available as supplementary data at Bioinformatics
Advances online.

The results of the analysis on the TCGA-GBM data using robust
MAD correlation are presented in Fig. 2; the results using the
Spearman correlation are presented in the Supplementary
Material, available as supplementary data at Bioinformatics
Advances online. Similar to the previous result on glioma data,
the left panel figure presents the histogram and density of the
observed correlations f(z) and the density of the correlations
under the null fy(z). The left panel figure indicates a substantial
excess of variability of the observed correlations (f(z)) com-
pared to that under the null hypothesis (fy(z)), indicating many
correlations are expected to be real. This not surprising because
there are more patients in the TCGA-GBM data than the glioma
data, and we expect more power to detect the correlations.
Finally, the right panel figure also presents the posterior
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Figure 1 Results from the glioma data (GSE36133) using robust MAD correlation. Left panel: histogram and density of the observed correlations
(f(2)), and the density of marginal correlations under the null (fy(z)). Right panel: posterior probability of correlation 1 - FDR(z) as a function of the
observed correlations. The dotted and dashed vertical lines correspond to the threshold h when we control FDR at § = 0.001 and 6 = 0.01,

respectively. The estimated proportion of null correlations is 7o = 0.621.
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Figure 2 Results from the TCGA-GBM data using robust MAD correlation. Left panel: histogram and density of the observed correlations (f(z)), and
the density of marginal correlations under the null (fy(z)). Right panel: posterior probability of correlation 1 - FDR(z) as a function of the observed
correlations. The dotted and dashed vertical lines correspond to the threshold h when we control FDR at 6 = 0.001 and & = 0.01, respectively. The

estimated proportion of null correlations is 7o = 0.327.

probability 1 —FDR(z). We also have similar indication to Fig. 1
where, as the observed correlations move away from zero in
both directions, the posterior probability of true correlation is
increasing towards one from zero.

Using FDR control at 0.001, the analysis indicates that the
threshold to create a sparse correlation matrix is at 0.4185, be-
low which the correlations are set to zero. This threshold is
lower than that in the glioma data. Looking at the distribution of
f(z) and fy(2) in both datasets, the fo(z) in the TCGA-GBM data is
tighter than that in the glioma data. This resulted in many more
correlations with high posterior probability. At this threshold
value, 92.68% of correlations are set to zero with 12.48 million
correlations (7.32%) to be nonzero in the sparse correlation ma-
trix. It can be shown that lowering the FDR (more stringent con-
trol) to 0.0001 means that the number nonzero correlations in
the sparse matrix will be ~6.33 million or 3.71%.

To illustrate the resulted sparse correlation matrix, Table 2
shows the number genes that are correlated with each of some
known GBM genes (Liu et al. 2016, Yoon et al. 2023, Huang et al.
2024). The table shows that their networks are quite extensive
with hundreds to thousands of connections. To further illustrate
the gene ontology biological processes involved in those genes,
Table 3 gives a list for gene NF1. Mutations or deletions in the
NF1 gene, encoding neurofibromin 1, are associated with the
mesenchymal subtype of GBM and contribute to tumour aggres-
siveness (Huang et al. 2024). Loss of NF1 disrupts apoptotic
pathways, rendering GBM cells more resistant to programmed
cell death and contributing to therapy resistance (D’Angelo et al.
2019). This gives relevant biological processes in Table 3 of
those genes that are correlated with NF1.

Table 2 Number of genes that are correlated with each of GBM-related
genes in the sparse correlation matrix in the TCGA-GBM data using
robust MAD correlation and FDR control at 0.001.

TP53 IDH1 RAC3 PTEN NF1
440 1025 2251 449 3843
MGMT EGFR NDC80 ADAM22 SHANK1
1445 1159 1228 2253 1933

4 Discussion

Our contribution in this study is in the use of FDR control when
we threshold the correlations in creating a sparse correlation
matrix. In addition to the calculation of the correlation itself,
thresholding is a critical step to decide which correlations are
set to zero. Our approach provides a sensible interpretation in
the resulting sparse correlation matrix, where we have an infer-
ence statement on how many (nonzero) correlations are
expected to be false positives. In essence, we consider the crea-
tion of a sparse correlation matrix in the context of inference on
the correlation.

Our procedure is best regarded as an empirical-Bayes calibra-
tion of the hard-thresholding step, rather than as an exact finite-
sample multiple-testing guarantee. The identity FDR(R) =
E[fdr(Z)|Z € R] follows from the two-group mixture formulation
and therefore does not, in itself, require independence among
the pairwise correlation statistics. However, the practical accu-
racy of the resulting FDR estimates depends on reliable estima-
tion of the mixture components f(z), fy(z), and . In large-scale
testing, estimation of 7y can be conservative when a substantial
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Table 3 Gene ontology biological processes of genes that are
correlated with NF1 as produced by PANTHER classification (Thomas
et al. 2022).7

Biological process (NF1) P-value

Regulation of cell proliferation and tumour growth

Reg. of cell cycle (GO:0051726) 9.43%x1076
Reg. of cell cycle process (G0:0010564) 450%x1073
Reg. of cellular component organization 1.54x 1078
(GO:0051128)
RAS/MAPK and intracellular signal transduction
Small GTPase-mediated signal
transduction (G0O:0007264) 1.17x10°2
Intracellular signal transduction
(G0:0035556) 2.61%x1073
Reg. of intracellular signal
transduction (G0:1902531) 1.58x10°°
DNA damage response and repair
Regulation of DNA repair (G0:0006282) 7.48%x1078
Positive regulation of
DNA repair (G0:0045739) 4.42x107°
Positive reg. of double strand
break repair (G0O:2000781) 2.46x107*
Apoptosis and cell death
Apoptotic process (G0:0006915) 1.71x10°°
Programmed cell death (G0:0012501) 8.90%x107°
Cell death (G0:0008219) 1.26x10°4

? The P-value is from over-representation test, with Bonferroni
multiplicity correction. Not all biological processes are presented in the
table—the purpose of this part of table is to illustrate some biological
processes involved among genes that are correlated with NF1 in the sparse
correlation matrix.

fraction of non-null effects are weak and therefore insufficiently
separated from the null component, which in turn inflates the
estimated FDR and reduces power (Pawitan et al. 2005).
Moreover, under general dependence, correlation among test
statistics may leave the average FDR approximately unbiased
while substantially increasing the variability of the realized FDP
(Pawitan et al. 2006). These considerations are particularly rele-
vant here because pairwise correlations are intrinsically depen-
dent: many statistics share one or both genes. Accordingly, the
reported FDR should be interpreted as a model-based, marginal
estimate for the retained correlations, rather than as an exact
guarantee under arbitrary dependence. Consistent with this in-
terpretation, the permutation scheme used to estimate fy(z) is
intended to calibrate the one-dimensional null distribution of
the pairwise correlation statistic, not to reproduce the full joint
dependence structure of the entire correlation matrix; more
dependence-aware alternatives may be considered when pres-
ervation of broader null correlation structure is of primary inter-
est (Pawitan et al. 2006). In addition, estimation error in fy(z) or
7o propagates directly to the local FDR values and hence to the
selected threshold: underestimation may render the procedure
anticonservative, whereas overestimation leads to a more con-
servative threshold. These limitations are most acute in smaller
datasets or when the null and alternative components are only
weakly separated.

Our simulation study indicates that, when hard thresholding
is used, selecting the threshold by minimizing the FN can materi-
ally reduce sensitivity for detecting true correlations, especially
when those correlations are moderate or weak. This does not
imply that hard thresholding is inappropriate, nor that
Frobenius-norm minimization fails to control FDR; rather, it
reflects a difference in objective between minimizing overall
matrix-estimation error and retaining truly associated gene pairs
under an explicit bound on the expected proportion of false dis-
coveries. It is also useful to distinguish this inferential target
from the simulation summaries used to assess it: the proposed
threshold is calibrated by the marginal FDR, namely the
expected proportion of false discoveries among retained corre-
lations (Benjamini and Hochberg 1995, Genovese and
Wasserman 2002), whereas the realized FDP in any single data-
set is a random quantity that may vary substantially across repli-
cates, particularly under dependence or marked sparsity
(Meinshausen and Buhlmann 2006, Pawitan et al. 2006). For that
reason, the simulation focuses on sensitivity, specificity, and FN
as measures of recovery of the sparse correlation structure. Our
approach enables more sensitivity to detect true correlations in
such case, while maintaining high specificity and low FN. In the
context of high correlation, then both approaches give similar
results. However, in a general situation, the proportion of high
correlations in the data is relatively very small while that of
moderate correlations is quite substantial. With these character-
istics, our approach is advantageous in addition to easier inter-
pretation on the nonzero correlations in the sparse correlation
matrix. In real-data applications, an additional practical benefit
is that the retained network has a direct error-rate interpreta-
tion: at a specified value of §, the expected proportion of falsely
retained correlations is explicitly controlled, whereas a thresh-
old selected by minimizing Frobenius loss provides no corre-
sponding inferential statement for the retained edges. This
data-adaptive interpretation supports transparent prioritization
of high-confidence associations for downstream pathway analy-
sis or experimental investigation, while less stringent values of §
can be used when broader coverage of moderate correlations
is required.

The choice of the FDR control level also reflects the usual
trade-off between sparsity and sensitivity. A more stringent
value of § yields a higher threshold h and a sparser matrix, but
may remove moderate correlations; conversely, a more relaxed
value of § retains more correlations at the cost of allowing a
higher expected proportion of false positives. This trade-off is
not determined by the thresholding rule alone, but also by the
proportion of truly correlated pairs, the distribution of the non-
zero correlations, measurement variability, sample size, and de-
pendence structure, factors that are known to govern FDR and
sensitivity in high-dimensional genomic studies (Pawitan et al.
2005). In practice, we therefore recommend using stringent FDR
control for an initial sparse and interpretable representation,
followed by sensitivity analysis over a small range of § values
when moderate correlations are of scientific interest. More
extreme small-sample regimes, including n < 10, and count-data
simulations are important extensions, but would introduce
additional considerations—such as signal prevalence, mea-
surement variability, library size, dispersion, zero counts, and
normalization—that can themselves affect FDR, sensitivity, and
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the induced correlation structure (Pawitan et al. 2005, Law et al.
2014, Kruppa et al. 2016, Vandenbon 2022).

For gene-expression data, the principal considerations in
selecting a correlation measure are robustness to sampling vari-
ation, outlying observations, and technical background variabil-
ity, all of which can obscure biological association and distort
correlation-based analyses, especially in high-dimensional set-
tings (Klebanov and Yakovlev 2007, Serra et al. 2018,
Moutsopoulos et al. 2021). We therefore recommend the robust
MAD correlation for such data. We do not recommend, however,
to use the Pearson correlation due to the danger of false posi-
tives (from biological perspective). It is well known that gene-
wise variance can be underestimated by chance (Efron et al.
2001, Smyth 2004). Because they serve as denominator in the
calculation of Pearson correlation, the problem of false positives
(from biological perspective) is acute. The Pearson correlation is
included in our computation tool simply for ‘completeness’ as it
is a well-known method and, from statistical inference point of
view, there is no problem in the implementation of the pro-
posed method. As we discussed earlier, our approach in creating
a sparse correlation matrix is not dependent on which correla-
tion measure to use.

5 Conclusion

Creating a sparse correlation matrix is a critical task in genomic
analysis, especially when the correlation matrix will be inter-
preted or subsequently be involved for further analysis. We pro-
pose a novel method in the thresholding to create a sparse
correlation matrix by controlling the FDR of nonzero correla-
tions. This provides a straightforward intuitive interpretation
and shown to have a good operating characteristics in identify-
ing true correlations.

Supplementary material

Supplementary material is available at Bioinformatics

Advances online.
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