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ABSTRACT

Biophysical simulations have guided the development of blood oxygenation level-dependent (BOLD) functional MRI 
(fMRI) acquisitions and signal models that relate the BOLD signal to the underlying physiology, such as calibrated 
BOLD and vascular fingerprinting. Numerous simulation techniques have been developed, however, few of them have 
been directly compared, thus limiting the assessment of the accuracy and interchangeability of these methods as well 
as the accuracy of the quantitative techniques derived from them. In this work, we compared the accuracy and com-
putational demands of eight previously published simulation approaches that adopt different geometries (ranging 
from infinite cylinders to synthetic vascular anatomical networks (VANs)), field offset calculations (analytical and 
Fourier-based), and water diffusion implementations (Monte Carlo and convolution-based), all of which are available 
in an open-source Python toolkit, BOLDsωimsuite. The reference simulation approach for comparison used three-
dimensional infinite cylinders, analytical field offsets, and Monte Carlo diffusion. When compared with the reference 
approach, most of the simulations, including two- and three-dimensional geometries, were in excellent agreement 
when assuming the intravascular signal contribution was small. Two commonly employed simulation approaches 
were notably biased; both used two-dimensional geometries with overly simplified vasculature or field offset calcula-
tions. In general, the simulated intravascular signal was the least consistent across approaches, thus potentially 
resulting in larger errors when the intravascular signal contribution is large. Lastly, the VAN results were in good agree-
ment with the reference but they diverged slightly, yet systematically, from each other at smaller radii (≲3 μm), primar-
ily driven by intravascular signal differences. We conclude, therefore, that the reference approach is an attractive 
option for exploratory simulations in the many cases where anatomical and haemodynamic realism is not needed, 
balancing ease of implementation, accessibility, versatility, computational efficiency, accuracy of results, and inter-
pretability. These findings help pave the way for a broader adoption of forward modelling of the BOLD signal and more 
reliable interpretations of biophysical simulations aiming to develop quantitative models of the BOLD signal.
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1.  INTRODUCTION

Ever since its discovery, the blood oxygenation level-
dependent (BOLD) MRI signal (Ogawa et al., 1990) has 
been the workhorse for mapping the neuronal basis of 
human cognition and behaviour. Upon neuronal activa-
tion, a complex combination of vascular and metabolic 
changes gives rise to local changes in the magnetic sus-
ceptibility of blood, ultimately resulting in the observed 
intensity changes on, typically, T2*-weighted images 
(Bandettini et al., 1992; Kwong et al., 1992; Ogawa et al., 
1992). The continual development of new hardware 
(Feinberg et  al., 2023) and pulse sequences (Berman, 
Grissom, et  al., 2021; Setsompop et  al., 2012) has 
allowed scientists to reliably map brain-wide changes in 
neural activity at high spatial (Bollmann & Barth, 2021) 
and temporal (Polimeni & Lewis, 2021) resolutions using 
BOLD functional MRI (fMRI). While invasive animal 
studies have greatly improved our understanding of neu-
rovascular coupling (Iadecola, 2017), interpreting the 
BOLD signal remains non-trivial for clinical applications 
(Pike, 2012) and novel experimental paradigms, like those 
invoking rapid or transient BOLD responses (Polimeni & 
Lewis, 2021). In this regard, biophysical simulations 
have  been foundational to understanding how physio-
logical parameters, for example, blood volume or vessel 
size, and acquisition choices, for example, spin-echo 
or  gradient-echo sequences, impact BOLD contrast 
(Bandettini & Wong, 1995; Boxerman, Hamberg, et  al., 
1995; Gagnon et al., 2015; Martindale et al., 2008; Ogawa 
et  al., 1993; Uludag et  al., 2009). Simulations have 
been  used to guide fMRI acquisitions with greater 
BOLD detection sensitivity and physiological specificity 
(Baez-Yanez et  al., 2017; Boxerman, Hamberg, et  al., 
1995; Chen & Calhoun, 2012; Miller & Jezzard, 2008; 
Pflugfelder et al., 2011; Scheffler et al., 2019, 2021), and 
they have helped shape the development of many tech-
niques for quantitatively imaging brain physiology, includ-
ing calibrated BOLD (Berman et  al., 2018; Davis et  al., 
1998; Griffeth & Buxton, 2011), quantitative BOLD 
(Dickson et  al., 2010; Stone et  al., 2019; Yablonskiy & 
Haacke, 1994), vascular fingerprinting (Christen et  al., 
2014; Delphin et al., 2024), and perfusion imaging with 
dynamic susceptibility contrast (DSC) (Boxerman, 
Hamberg, et  al., 1995). Thus, biophysical simulations 
may hold the key to unleashing the full potential of fMRI 
in future applications; however, comparison across simu-
lation approaches is often lacking, and as techniques 

such as calibrated BOLD and vascular fingerprinting are 
quantitative, it is important to understand how the choice 
of simulation approach on which they are based influ-
ences their results (X. Cheng et al., 2019; Gagnon et al., 
2016; Griffeth & Buxton, 2011; Martindale et al., 2008).

Since the early days of fMRI, several simulation 
approaches have been developed, trading off anatomical 
and haemodynamic realism, model complexity, and com-
putational demand. Across these approaches, the major 
variations that have been developed typically relate to 
one of three major simulation stages: (i) the vascular 
geometry definition, including random infinite cylinders in 
three dimensions (3D) or two dimensions (2D) (Bandettini 
& Wong, 1995), or more anatomically realistic vessel net-
works, composed of finite, branching cylinders, com-
monly referred to as vascular anatomical networks (VANs) 
(Gagnon et  al., 2015). (ii) The main magnetic field (B0) 
offset calculation, including analytically calculated or 
Fourier-based field maps (Marques & Bowtell, 2008), 
continuous or discrete field maps, single-vessel tech-
niques simulated and averaged over multiple B0 angles 
(Ogawa et al., 1993), or averaging B0 maps over multiple 
angles before simulation (Pannetier et al., 2013). And (iii) 
the implementation of water diffusion, including Monte 
Carlo (MC) methods, so-called deterministic diffusion, 
which is a convolution-based spreading of magnetiza-
tion (Bandettini & Wong, 1995; Doucette et al., 2018), or 
a finite-difference solution to the Bloch equations with 
diffusion (Marques & Bowtell, 2008). Most simulation 
approaches are independently developed for each user’s 
application; thus, they are rarely directly compared with 
each other, making it challenging to know whether their 
results agree or not.

In this study, we implemented and compared the most 
commonly used simulation approaches from the litera-
ture, including the combination of three different vascular 
geometries (with recent advances using synthetic VANs), 
six B0 offset calculation methods, and two water diffu-
sion models, totalling eight unique approaches. To ensure 
consistency across simulations, all techniques were 
implemented within a single toolkit (Chaussé et al., 2025). 
Whereas most of the studies discussed above (e.g., 
Boxerman, Hamberg, et al., 1995; Martindale et al., 2008; 
Uludag et al., 2009, etc.) examined the impact of a range 
of simulation parameter values—such as net field offset 
or blood volume—on transverse signal decay using their 
preferred simulation approach, we confined our simula-
tions to a limited range of parameter values and, instead, 
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evaluated the effect of the simulation approaches 
themselves. Since analytically defined solutions for the 
simulations from VAN models are not yet available, we 
evaluated the accuracy of the simulations relative to a 
reference technique based on 3D Monte Carlo simula-
tions with random infinite cylinders. Infinite cylinders are 
commonly used in BOLD signal simulations: they pos-
sess analytical solutions to their B0 offset calculations 
and their resulting signal in some instances, they were 
the first geometry used in seminal studies to derive key 
predictions about the signal from endogenous and exog-
enous sources—that is, deoxyhaemoglobin and contrast 
agents, respectively—of T2 and T2

* contrast, and these 
simulations have been experimentally verified (Yablonskiy, 
1998). Many of the simplified approaches that were later 
developed were derived from infinite cylinders, so the 
comparison with infinite cylinders as a reference natu-
rally  makes sense. From this validated reference, we 
then  incrementally changed our simulation approaches 
such that we could isolate the effect of the simulation 
design choices (e.g., the effect of B0 offset calculation 
from vascular geometry). The following Guiding Ques-
tions informed our experiments and their interpretation:

	 1.	� For a given application, how does the simulation 
approach affect the outcomes?

	 2.	� How similar are the results of the infinite cylinder 
simulation approaches, and what are their key dif-
ferences?

	 3.	� How do the results of simulations from infinite cyl-
inders and simplified VANs differ, and what drives 
these differences? That is, what is the effect of 
assuming blood vessels are infinite cylinders?

For Guiding Question 1, we used a small-scale vas-
cular fingerprinting analysis and examined the accuracy 
of the estimated vessel radii for the various simulation 
approaches. This fingerprinting experiment and the 
remaining analyses, which directly compared simulation 
accuracy, helped address Guiding Questions 2 and 3. 
Although most approaches demonstrated good agree-
ment with the reference approach, the oversimplification 
in some commonly used methods resulted in high levels 
of error. Furthermore, our results demonstrate that most 
2D and 3D simulations using infinite cylinders provide a 
good approximation of simulations from more realistic 
capillary beds, but they may need to be adapted to 
capture the fMRI signal behaviour across the full micro-
vascular hierarchy, which contains more structured and 
asymmetric vessel orientations (i.e., intra-cortical and 
pial vessels) and a range of blood oxygenation values 
exhibiting a rough spatial organization imparted by the 
connections from arteries to capillaries to veins.

2.  THEORY

All simulations can be broken down into four stages: (1) 
defining the geometry, where the geometry of the simula-
tion voxel and the vessels is determined; (2) calculating the 
B0 field offsets; (3) modelling the self-diffusion of water 
molecules; and (4) generating the MR signal for a given 
pulse sequence. In all simulations, we calculate the signal 
resulting from the relative dephasing of transverse magne-
tization from vessel-induced field inhomogeneities. Longi-
tudinal magnetization and intrinsic T1 and T2 relaxation 
were ignored in this study. In the following, we review the 
theory that underlies all the simulation approaches that we 
tested, starting from stage (2), the field offset calculations.

2.1.  Field offset calculations

The B0 field offsets, ΔB0, generated by partially deoxy-
genated blood in vessels, are generally present in the 
intravascular (IV) space and the surrounding extravascu-
lar (EV) space. A common approach is to represent the 
vessels by infinitely long cylinders since ΔB0 can then be 
calculated analytically. For an infinite cylinder of radius R, 
the field offsets are given by Ogawa et al. (1993):

	

ΔB0 r,θ,φ( ) =
1
2
ΔχB0

R
r

⎛
⎝⎜

⎞
⎠⎟
2

sin2 θ( )cos(2φ) r  ≥ R

1
6
ΔχB0 3cos2(θ( ) −1) r < R

,

⎧

⎨
⎪
⎪

⎩
⎪
⎪

	

(1)

where Δχ is the susceptibility difference between the 
blood within the vessel and the surrounding tissue, r is 
the Euclidean distance from the point of interest to the 
vessel axis, θ is the angle between B0 and the vessel 
axis, and ϕ is the angle between the projection of B0 
onto the plane perpendicular to the vessel axis and the 
line segment connecting the point of interest and the 
vessel axis. Figure 1A and B depicts the vessel geome-
try relative to B0 and the corresponding ΔB0 map, 
respectively.

For an arbitrary spatial distribution of magnetic sus-
ceptibility, such as a realistic representation of the vas-
culature with branching, tortuous vessels (Baez-Yanez 
et al., 2017; Gagnon et al., 2015; Hartung et al., 2018), 
ΔB0 can be calculated by a forward model where the 
spatially varying magnetic susceptibility, Δχ(r), is con-
volved with the field offsets produced by a point-source 
dipole, b(r), Marques and Bowtell (2005) and Salomir 
et al. (2003):

	 ΔB0 r( ) = Δχ r( ) * b r( ), 	 (2)

where * is the convolution operator. When B0 is along the 
z-direction, the point-source dipole field is given by
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b r( ) = B0

1
4π

3z 2 − r 2

r 5
,
	

(3)

where r is the distance from the dipole centre to the point 
of interest, and z is the longitudinal distance from the 
dipole centre to the point of interest. The efficiency of the 
convolution can be improved by performing a multiplica-
tion in k space by means of the Fourier transform (Y. C. 
Cheng et al., 2009):

	 ΔB0 r( ) = F −1 F Δχ r( ){ } F b r( ){ }{ }, 	 (4)

where F  and F −1 represent the forward and inverse 
three-dimensional Fourier transforms, respectively. For 
most geometries, the Fourier transform must be calcu-
lated numerically using discrete data, therefore, ΔB0 will 
have a spatial resolution that is limited by the discretiza-
tion of Δχ(r). In contrast, when ΔB0 is calculated for infinite 
cylinders using the analytic expression in Eq. (1), the spa-
tial coordinates can be continuously defined within 
machine precision.

2.2.  Diffusion and dephasing calculations

The self-diffusion of water plays a significant role in MRI, 
resulting in a vessel-size dependence of BOLD contrast 
(Boxerman, Hamberg, et  al., 1995). For MRI, there are 
two common approaches to model the diffusion of water 
that were tested here: the Monte Carlo method and the 
deterministic diffusion method. In all cases, we consid-
ered independent and isotropic diffusion along all dimen-
sions with a diffusion coefficient, D.

2.2.1.  Monte Carlo diffusion

In the MC method, individual spin-bearing particles inde-
pendently follow a random walk. At each time point, the 
position of each spin is displaced by a random amount 
along each dimension drawn from a Gaussian distribu-
tion with a mean of zero and variance σ2 = 2Dδt, where δt 
is the time step. If we model the diffusion of Ns particles 
over Nt time points, the position of each particle over time 
can be represented by the vector rj,k, where j indexes time 

Fig. 1.  (A) The geometry used in Eq. (1) for determining the field offset a distance r away from the axis of an infinite 
cylinder of radius R in an external field, B0. (B) A cross-section of the analytically calculated field offsets produced by 
an infinite cylinder of uniform magnetic susceptibility, based on Eq. (1). (C, D) Components of the Fourier-based ΔB0 
calculation based on Eq. (4), including (C) the discretized susceptibility distribution of an infinite cylinder (i.e., blood 
vessel), (D) the dipole kernel, and (E), the resulting discretized ΔB0 map. In (D), the dipole kernel is the field perturbation 
from a single voxel and is, thus, of coarse resolution and difficult to visualize in a two-dimensional slice. The inset shows 
a three-dimensional rendering of how the kernel would appear if it could be resolved at a higher spatial resolution, which 
corresponds to the field of a sphere.
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and k indexes particles. As the particles pass through the 
field offsets generated by blood vessels, their spins 
accrue a net phase

	

φ j,k =
φ j−1,k + γΔB0 r j,k( )δt j > 0

0 j = 0

⎧
⎨
⎪

⎩⎪
,

	

(5)

where γ = 2.675 × 108 rad⋅s–1⋅T–1 is the gyromagnetic ratio 
for hydrogen nuclei, and ΔB0(rj,k) is the net field offset 
from all vessels at the position rj,k. Immediately after exci-
tation, all spins have 0 phase, corresponding to real-
valued magnetization. To model a spin-echo signal at 
time point TE, a refocusing pulse was modelled as an 
instantaneous 180° rotation of the spins about the real 
axis at time point T180 = TE/2, resulting in φT180,k = −φT180−1,k .

Finally, the EV, IV, and total signals at the j-th time step 
are given by:

	
SEV, j =

1
Ns,EV k∈EV

Ns,EV

∑e
− iφ j,k ,

	

	
SIV, j =

1
Ns,IV k∈IV

Ns,IV

∑e
− iφ j,k ,

	
(6)

	
Stot, j =

1
Ns k

Ns

∑e
− iφ j,k ,

	

where Ns,X (X ∈ {EV, IV}) are the number of spins that are 
in the EV or IV space, and the sums are only over those 
spins which reside in their respective spaces.

2.2.2.  Deterministic diffusion

In deterministic diffusion (DD), rather than track the spin 
of individual particles, the transverse magnetization 
across the voxel is discretized on a grid (Bandettini & 
Wong, 1995). Solving the diffusion equation by the 
method of Green’s functions, the diffusion of spins can 
be represented by the convolution of the magnetization 
with a Gaussian diffusion kernel, resulting in the progres-
sive blurring of the magnetization over time. If we repre-
sent the magnetization of the voxel as a complex-valued 
matrix, M, the resulting magnetization at the j-th time 
point after diffusion and precession can be expressed as 
(Bandettini & Wong, 1995; Doucette et al., 2018)

	

M j =
M j−1 !R( ) *D j > 0

1 j = 0
,

⎧
⎨
⎪

⎩⎪ 	

(7)

where ∘ is the element-wise multiplication operator and *  
is still the convolution operator. M0 = 1 implies that the 
initial magnetization after excitation is real valued and set 
to 1 at all grid points, assuming uniform proton density 

and ideal excitation. R captures the precession at each 
grid point due to the net field offset, that is,

	 Rklm = exp − iγΔB0 rklm( )δt⎡⎣ ⎤⎦, 	
(8)

where k, l, and m represent indices in three-dimensional 
space and ΔB0 can be calculated as described above in 
Section  2.1. D is the diffusion matrix, representing the 
average displacement of all spin particles within a grid 
element per unit time. For independent diffusion along 
each dimension, D can be defined in one dimension 
using the solution to the discretized diffusion equation 
(Lindeberg, 1990),

	 Dk = exp −σ 2/ Δx( )2⎡
⎣

⎤
⎦ Ik σ 2/ Δx( )2( ), 	 (9)

where k is the grid index (centred on 0), σ2 is the variance 
defined above, Δx is the grid element spacing, and Ik is 
the modified Bessel function of the first kind. When the 
diffusion kernel is highly sampled, it approaches the con-
tinuous Gaussian distribution as desired (Pannetier et al., 
2014). To model a spin-echo signal at time index TE, a 
refocusing pulse was modelled as an instantaneous 180° 
rotation of the magnetization at each grid point about the 
real axis at time index T180 = TE/2, resulting in element-
wise complex conjugation of M.

The total magnetization can be separated into its EV 
and IV contributions

	 M j =MEV, j +MIV, j, 	 (10)

and the EV, IV, and total signals at the j-th time step are 
given by

	
SEV, j =

1
NEV k,l,m

∑MEV,klm, j,
	

	
SIV, j =

1
NIV k,l,m

∑MIV,klm, j,
	

(11)

	
Stot, j =

1
N k,l,m
∑Mklm, j,

	

where N is the number of grid elements in the voxel, and 
NX (X ∈ {EV, IV}) is the number of EV or IV grid elements.

3.  METHODS

3.1.  Signal simulations

All simulations were performed in Python v3.10 using 
an  in-house developed toolkit, BOLDSωimSuite (https://
github​.com​/jacobchausse​/BOLDswimsuite) (Chaussé 
et  al., 2025). For all simulation techniques (described 
below), the simulation parameters and their values are 

https://github.com/jacobchausse/BOLDswimsuite
https://github.com/jacobchausse/BOLDswimsuite
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summarized in Table 1, and additional details are provided 
below. All simulations ran single threaded on a 136-node 
computing cluster with 187 GB of memory per node, 44 
cores per node, and Intel Xeon Gold 6238 2.10-GHz CPUs.

3.1.1.  Voxel/geometry definition

Ten voxels were randomly populated with 1-μm radius 
vessels to a volume fraction of 2%, reflecting predomi-
nantly cortical blood volume of deoxygenated blood ves-
sels, that is, capillaries and veins (Blockley et al., 2013). 
Note that 1 μm is slightly smaller than a typical capillary 
radius (Blinder et al., 2013; Hartung, Badr, Mihelic, et al., 
2021; Lauwers et al., 2008), but was used here to more 
thoroughly characterize diffusion effects in the motional 
narrowing regime, which may be encountered if the diffu-
sion coefficient is elevated. To simulate the signal for 
larger vessels of radius R (up to 60-μm), we reused the 
original voxels but assigned a side-length scaled by a 
factor R/R0, where R0 = 1 μm, as commonly performed 
(Boxerman, Hamberg, et  al., 1995; Martindale et  al., 
2008; Pannetier et al., 2013; Stone et al., 2019). The voxel 
size was chosen to be large enough to capture the long-
range effects of vessels (Boxerman, Hamberg, et  al., 
1995): in 3D, voxels had an isotropic edge length of 
149 μm, resulting in approximately 400 vessels per voxel 
for the infinite cylinder approaches; in 2D, an edge length 
of 251 μm was used to also give 400 vessels per voxel 
(except for the single-vessel approach, described below 
in 3.2 Simulation approaches (2D-ANA-MC-1V)). See 
Supplementary Table S1 for the complete listing of effec-
tive voxel sizes and grid sizes across methods.

3.1.2.  ΔB0 calculation

B0 offsets were calculated in continuous space or on a 
grid. For simulations using a grid, 3D voxels contained 

500 grid points per side (6.7 grid points per vessel diam-
eter) and 2D voxels contained at least 1,000 grid points 
per side (8 grid points per vessel diameter). These resolu-
tions were set based on when the root mean square devi-
ation between the reference simulation (see below) and 
gridded simulations came to a lower plateau (results 
shown in Supplementary Fig​.  S1). The reason for the 
increased resolution in 2D is explained below in 3.2 Sim-
ulation approaches (2D-ANA-DD).

3.1.3.  Diffusion calculation

For MC simulations, a cyclic boundary condition was 
implemented for the spins, where any spins that reached 
the edge of the voxel leave the domain on one edge and 
re-enter at the opposing side, replicating the scenario 
where the voxel is surrounded by mirror images of itself 
on all sides. Given the slow transport of water across a 
healthy blood–brain barrier over the ~100 ms time scale 
simulated here (Herscovitch et  al., 1987), vessels were 
set to be impermeable. Therefore, any MC spin that 
crossed from IV to EV, or vice versa, would have its new 
position recalculated until it remained within its original 
compartment. For our simulation settings, we estimate 
that less than 0.5% of spins required their positions 
recalculated per time step, resulting in a negligible 
increase to the runtime compared with the more compu-
tationally intensive ΔB0 calculations.

For deterministic diffusion, to model impermeable 
vessels, Eq. (7) was modified to return any magnetization 
that leaks across boundaries to its original compartment 
based on convolving the diffusion kernel with either the IV 
space map (or the EV space map) to derive correction 
factors for the EV space (or IV space), as described in 
Pannetier et  al. (2013, 2014). For all approaches, the 
same diffusion coefficient value was used for the IV and 
EV spaces.

3.1.4.  Signal calculation

Simulations were run with B0  = 3 T and a single Δχ of 
4.15 × 10–7 across all vessels (corresponding to approxi-
mately 65% oxygenation and 35% haematocrit, reflect-
ing the venous and capillary weighting of the BOLD 
signal). Note, the assumption of a single oxygenation 
level across vessels, while common, is not realistic; how-
ever, this assumption was applied across all simulation 
approaches under matched conditions. A single spin-
echo (SE) simulation was run using an echo time (TE) of 
70  ms (refocusing pulse at 35  ms) and a time step 
δt = 0.2 ms. The gradient-echo (GE) signal was calculated 
using the same simulations by extracting the signal at 
TE = 30 ms, before the refocusing pulse.

Table 1.  The common simulation parameter values used.

Parameter Value

Number of voxels 10
Blood volume fraction 2%
Vessel radii (μm) 1, 1.5, 2, 3, 4, 5, 6, 8, 10, 

13, 16, 20, 30, 40, 60
Vessel permeability 0
B0 3 T
Susceptibility offset, Δχ 4.15 × 10–7(SI units)
Diffusion coefficient, D 1 μm2/ms
# Spins per voxel (MC methods) 40,000
Spin-echo TE 70 ms
Gradient-echo TE 30 ms
Time step, δt 0.2 ms
Signal simulation time 120 ms

MC: Monte Carlo; TE: echo time.

https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
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3.2.  Simulation approaches

All the simulation approaches that we considered are 
summarized in Table 2 and the ΔB0 calculations for the 
main 2D and 3D geometries are shown in Figure 2. Each 
simulation approach is given a string specifier to indicate 
the following: the dimensionality of the voxel, the ΔB0 cal-
culation used, the diffusion calculation used, and any 
other relevant details. Figure 3 summarizes the incremen-
tal changes between related simulation approaches.

3.2.1.  3D-ANA-MC: Reference simulation approach

The reference simulation approach that all other simula-
tions were compared against was based on the seminal 
work of Boxerman, Hamberg, et al. (1995). These simula-
tions consisted of a 3D voxel with randomly oriented and 
randomly positioned infinite cylinders using analytically 
calculated B0 offsets and MC-based diffusion in continu-
ous space. The field offset experienced by each spin at 
each time step was calculated for each spin’s position 
relative to each vessel. This combination of simulation 
options was chosen for the reference approach since it is 
commonly implemented and replicated in studies and 
may be considered the most accurate in terms of the 
approximation of the diffusion process (as opposed to 
deterministic diffusion), and the accuracy of the B0 calcu-
lation does not suffer from the Fourier-based ΔB0 grid-
ding artefacts. When comparing the reference with VAN 
simulations, the results are not necessarily expected to 
match due to morphological differences such as vessel 
branching, tortuosity, and asymmetries in the synthetic 

VAN capillary networks; therefore, differences between 
the VAN simulations and the reference should not neces-
sarily be classified as “errors”.

Ten voxels were used, each with a unique set of ves-
sels. All other simulation approaches that used infinite 
cylinders in 3D (i.e., 3D-ANA-MC-GRID and 3D-FFT-MC) 
used the same 10 voxels. The orientation of each vessel 
was determined by the polar and azimuthal angles of 
the cylinders. The polar angle of each cylinder was 
selected from a sin(θ) distribution, which was imple-
mented by choosing θ = acos(2u – 1), where u was ran-
domly drawn from the uniform distribution [0,1). The 
azimuthal angle was randomly drawn from the uniform 
distribution [0, 2π). To spatially distribute cylinders uni-
formly throughout the voxel, once the cylinder direction 
was determined, a point that the cylinder axis passes 
through was randomly selected on the plane orthogonal 
to the cylinder direction and passing through the origin 
of the voxel (Martindale et  al., 2008). Cylinders were 
added in this way until the desired blood volume frac-
tion was reached.

3.2.2.  2D-ANA-MC

In 2D, the blood volume fraction can be easily controlled 
if all vessels are perpendicular to the simulation plane. 
Unlike in 3D, where vessels are randomly oriented and 
the direction of B0 is fixed, one way of generating a real-
istic distribution of field offsets in 2D is to use a fixed 
orientation of vessels (perpendicular to the plane) but 
assign a random B0 direction to each vessel (Berman 

Table 2.  Summary of the simulation approaches that were compared.

Name # dimensions ΔB0 calculation
Continuous or  
Gridded ΔB0 Diffusion Notes

2D-ANA-MC a 2 Analytical Continuous MC Random B0 direction per vessel
2D-ANA-DD b 2 Analytical Gridded DD Same as above, but using  

deterministic diffusion
2D-ANA-MC-1V c 2 Analytical Continuous MC Single vessel, weighted average 

of simulations over 9 B0 polar 
angles (10°, 20°,…, 90°)

2D-ANA-MC-3B0 d 2 Analytical Continuous MC Average field offset from three B0 
directions

3D-ANA-MC e 3 Analytical Continuous MC Reference approach
3D-ANA-MC-GRID f 3 Analytical Gridded MC Same as the reference, but ΔB0 is 

on a grid
3D-FFT-MC g 3 FFT Gridded MC Same as above, but ΔB0  

calculated using FFT
3D-FFT-MC-VAN h 3 FFT Gridded MC Simplified VANs using finite 

branching vessels (single  
diameter) with realistic tortuosity

The top half lists the two-dimensional approaches, and the bottom half lists the three-dimensional approaches.
aMiller and Jezzard (2008); bBerman et al. (2018); cOgawa et al. (1993); Uludag et al. (2009); dPannetier et al. (2013); eBoxerman, Hamberg, 
et al. (1995); fX. Cheng et al. (2019); gPathak et al. (2008); hMarques and Bowtell (2008), Pathak et al. (2008), and Gagnon et al. (2015).
DD: deterministic diffusion; FFT: fast Fourier transform; MC: Monte Carlo; VAN: vascular anatomical network.
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et al., 2018; Miller & Jezzard, 2008). The B0 orientation 
per vessel was determined using the same distributions 
for the polar and azimuthal angles as described for the 
vessel orientation in the 3D-ANA-MC method above. The 
2D-ANA-MC simulations randomly and uniformly posi-
tioned vessels in the plane (appearing as circles, as in 
Fig. 2B), distributed their B0 directions as mentioned, and 

used analytical B0 calculations and MC diffusion (Miller & 
Jezzard, 2008).

3.2.3.  2D-ANA-DD

We repeated simulations using a similar configuration as 
2D-ANA-MC but with deterministic diffusion (Berman 

Fig. 2.  Overview of the vessel geometries and ΔB0 field offset calculations. The vessel geometries considered were (A) a 
single infinite cylinder in 2D where the signal simulations were run at multiple B0 angles in 10° increments then combined; 
(B) multiple parallel cylinders in 2D where field offsets were determined based on randomly assigned B0 directions per 
vessel or the average of three orthogonal B0 directions; (C) infinite cylinders randomly distributed and oriented in 3D; 
and (D) 3D vascular anatomical networks (VANs) composed of tortuous, branching, finite cylinders. The field offset maps 
show the field offsets across the entire voxel for the 2D geometries or just a representative slice for the 3D geometries. 
The orange colours indicate increased B0 field, and the blue colours indicate reduced B0 field. The labels below the maps 
indicate whether the simulation comparisons used field offsets calculated analytically or with the FFT-based method. For 
clarity of display, these vessel networks are smaller than the voxel sizes used for simulation.

Fig. 3.  Flow chart depicting the incremental changes between simulation approaches (2D approaches to the right of 
the reference approach, and 3D to the left). For the 2D methods: (A) 2D-ANA-MC differs from 3D-ANA-MC by tracking 
spins in a 2D plane where blood vessels are all perpendicular to the simulation plane, and each blood vessel is assigned 
a randomly oriented B0 direction. (B) 2D-ANA-DD differs from 2D-ANA-MC by sampling ΔB0 on a precalculated grid 
and modelling diffusion using the deterministic diffusion method. (C) 2D-ANA-MC-1V differs from 2D-ANA-MC by using 
a single vessel perpendicular to the plane. The simulation is repeated over nine equally spaced B0 angles, and the net 
signal is given by the weighted sum of signals from all orientations. (D) 2D-ANA-MC-3B0 differs from 2D-ANA-MC by 
averaging the B0 offsets from three orthogonal directions instead of randomly assigning the B0 orientation per vessel. For 
the 3D methods: (E) 3D-ANA-MC-GRID differs from 3D-ANA-MC by using a precalculated, discretized ΔB0 map instead 
of calculating ΔB0 at each time point for each spin’s position relative to all vessels. (F) 3D-FFT-MC differs from 3D-ANA-
MC-GRID by using the Fourier-based ΔB0 calculation method, not the analytical method. (G) 3D-FFT-MC-VAN differs from 
3D-FFT-MC by using finite and branching cylinder segments instead of randomly oriented infinite cylinders.
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et al., 2018). By necessity, the B0 offsets and magnetiza-
tion were calculated on a grid. The diffusion kernel 
spanned from –6σ to +6σ. To ensure that the kernel did 
not behave like a delta function, the spatial resolution of 
the grid was chosen such that the diffusion kernel con-
tained a minimum of 13 elements. Since the effective 
voxel size was scaled to model different diameters, the 
largest vessel radius, 60 μm, imposed the strictest con-
straint on the kernel. A 15,860 × 15,860 grid size satisfied 
the kernel size requirement in this case. For smaller radii, 
R, the number of grid elements per side was linearly 
scaled as 15,860 × R [μm]/(60 μm) and rounded up to the 
nearest multiple of 10. A minimum of 1,000 elements per 
side were imposed since going below this value resulted 
in an inadequate sampling of the vessels and their field 
offsets, which was qualitatively apparent when compar-
ing simulations across resolutions (results not shown). 
Therefore, simulations with radii <4 μm used 1,000 ele-
ments per side. To account for convolution contributions 
from outside the voxel, the magnetization of the voxel 
was padded using a wrapped version of itself, similar to 
how spins wrap at the boundaries during MC diffusion.

3.2.4.  2D-ANA-MC-1V

These simulations were in 2D using analytically calcu-
lated field offsets and MC diffusion. Following seminal 
modelling studies, a single vessel was placed at the cen-
tre of a 2D voxel and oriented perpendicular to the plane 
(Ogawa et  al., 1993; Uludag et  al., 2009). Simulations 
were repeated with the B0 polar angle increased in 10° 
increments from 10° to 90° and the net signal was calcu-
lated as the weighted average over the simulation from 
each angle (Sθ):

	

Snet =
θ=10!
90!∑ sinθ Sθ

θ=10!
90!∑ sinθ 

.

	

(12)

Since there was no randomness associated with the 
vasculature, simulations were performed on a single 
voxel, resulting in no estimated uncertainty. We use “1V” 
in the label to denote a single vessel.

3.2.5.  2D-ANA-MC-3B0

These simulations were similar to 2D-ANA-MC, however, 
the B0 offsets for the vessels were calculated using the 
average of three orthogonal B0 directions: one parallel 
and two perpendicular to the vessels (Pannetier et  al., 
2013). In practice, since the EV offsets of the two perpen-
dicular orientations may cancel each other out if they are 
perpendicular to each other, a single perpendicular orien-
tation was used, and the net field offset was the weighted 

sum of 1/3 the parallel and 2/3 the perpendicular offsets. 
For consistency with the original description of the tech-
nique, we continue to refer to this as the “3B0” approach. 
The MrVox2D simulation toolkit uses the 3B0 approach, 
although with Fourier-based field calculations and deter-
ministic diffusion (Pannetier et al., 2013).

3.2.6.  3D-ANA-MC-GRID

Fourier-based simulation approaches perform calcula-
tions on a discretized grid, making comparison with the 
reference approach potentially ambiguous regarding 
whether the source of any differences originates from the 
calculation of ΔB0 using the Fourier transform or from 
the discretization of space. Therefore, to bridge between 
the reference simulations (3D-ANA-MC) and the Fourier-
based approaches, simulations were performed that 
were similar to 3D-ANA-MC, with the exception that ΔB0 
was calculated on a regularly spaced grid by summing 
the analytical ΔB0 contributions from every vessel using 
Eq. (1) at every grid point (X. Cheng et al., 2019). There-
fore, rather than updating the field offset that each spin 
experiences relative to every vessel, the spin position is 
used to retrieve the precomputed field offset from the 
discretized grid. Note, for this and the remaining MC sim-
ulations, the spin positions were computed in continuous 
space throughout the voxel, despite ΔB0 being computed 
in discrete space.

3.2.7.  3D-FFT-MC

This simulation applied the Fourier-based field offset cal-
culation to infinite cylinders on the same grid as in the 
previous method (i.e., 3D-ANA-MC-GRID) using Eq. (4) 
(Pathak et al., 2008). The susceptibility distribution was 
discretized by analytically creating a vessel mask based 
on whether the centre of each grid point was in a vessel 
or not. To model the effect of surrounding vasculature, 
cyclic convolution was calculated in k space with the 
dipole kernel size equal to the grid size (i.e., the voxels 
were not padded before the application of the Fourier 
transform). We label this and the following approach with 
“FFT” since the fast Fourier transform algorithm was 
used to calculate the Fourier transforms.

3.2.8.  3D-FFT-MC-VAN

The final simulation approach was based on vascular 
anatomical networks (VANs) (Gagnon et  al., 2015; 
Marques & Bowtell, 2008; Pathak et al., 2008). We syn-
thesized a 1-mm3 isotropic VAN that consisted of a cap-
illary bed of tortuous vessels made from smoothly 
connected, finite cylinders without overlap. To enable fair 
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comparison with the infinite cylinder model, a single ves-
sel radius (2.85  µm) was assigned to all vessels in the 
VAN. Due to the fixed radius, and to achieve equivalent 
CBV as the infinite cylinder models, we increased the 
number of capillary segments to 26,100 segments/ml 
(compared with an average of 11,470 segments/ml from 
reconstructed VANs of equivalent size (Hartung, Badr, 
Mihelic, et  al., 2021)—a factor of 2.25× higher vessel 
density). These VANs were constructed with otherwise 
realistic vascular synthesis methods that offer realistic 
branching patterns and individual segment distributions 
of length and tortuosity (Hartung, Badr, Moeini, et  al., 
2021; Hartung et  al., 2025; Linninger et  al., 2019). Pial 
vessels and perpendicular diving/draining vessels, which 
are typically much larger, were removed from the VAN 
after synthesis. We refer to these networks as simplified 
VANs, due to the removal of the larger vessels and forc-
ing all capillaries to a single radius. To produce the 10 
voxels to run simulations on, a large simplified VAN was 
created using the described methods, and then it was 
divided into 10 smaller VANs of 400-μm voxel edge 
length. Vessels of different radii, from 1 to 60 μm, were 
simulated by changing the apparent voxel size, as 
described in the Voxel/geometry definition section above 
(giving an effective voxel edge length of 140 μm when the 
radius was 1 μm). ΔB0 was calculated on these smaller 
voxels using the Fourier-based method with cyclic con-
volution. For full VANs, we recommend non-cyclic convo-
lution along the direction perpendicular to the pial surface 
to ensure that field offsets from the large pial vessels do 
not wrap around to the lower depths of the voxel. More 
details on how the vessel masks were generated for the 
ΔB0 calculations are provided in the Supplementary 
Material. The resulting blood volume of the synthesized 
VANs was slightly below the nominal volume of the infinite 
cylinder networks (1.79% vs. 2%); therefore, to compen-
sate, we applied a scaling factor to the simulated VAN 
signals, as proposed by Kiselev and Posse (1999). Fur-
ther details on this volume mismatch and the signal scal-
ing are detailed in the Supplementary Material.

3.3.  Analyses

The analysis was structured to address the guiding 
questions from the Introduction. All simulations were 
first averaged across all 10 voxels, and then their relative 
accuracy was compared by 3 different metrics. First, as a 
relevant application where BOLD simulations may be 
applied, we performed a simplified vascular fingerprinting 
analysis to determine the impact of the simulation 
approach on the estimated vessel radius. This was fol-
lowed by in-depth simulation accuracy analyses. The 
simulated signals remained complex-valued quantities 

during the analyses, except where specified. Finally, 
the  computational performance of all simulations was 
evaluated.

3.3.1.  Use case: vascular fingerprinting accuracy

MR vascular fingerprinting is a technique that analyzes 
the time evolution of the MR signal to estimate quantita-
tive information about the microvasculature, such as 
mean vessel radius and blood oxygenation, based on 
matching the measured signal to a lookup table of pre-
calculated simulated signals (Christen et al., 2014). In our 
simplified vascular fingerprinting analysis, each simula-
tion approach was used to generate a signal dictionary 
from which the vessel radius was to be extracted from 
the “measured” test signal (3D-ANA-MC, i.e., the refer-
ence approach). The dictionary and test signals used the 
evolution of the simulated signals as a function of time at 
all simulated time points. The total (EV+IV) signals were 
normalized by their temporal average, then the test sig-
nals were compared with the dictionary signals across all 
15 radii (1–60 μm) using the coefficient of determination, 
R2 (Christen et al., 2014). The radius that produced the 
dictionary signal with the highest R2 was selected as 
the estimated radius. This analysis was repeated with the 
reference simulations from all 15 radii used as the test 
signals. While this simplified fingerprinting analysis is 
not  implemented exactly as experimental fingerprinting 
experiments have been (e.g., limited range of fit parame-
ters, test signals drawn from noise-free simulations rather 
than experimentally measured, and voxel sizes that 
depend on vessel radius), this analysis is specifically 
meant to identify biases that may be introduced by the 
choice of simulation technique per se when applied to 
quantitative physiological imaging, as per Guiding 
Question 1.

3.3.2.  Simulation accuracy: comparison of signal 
intensity

To understand the outcome of the fingerprinting analysis, 
we further compared specific attributes of the signal evo-
lutions pertaining directly to simulation accuracy, starting 
with signal intensity. The average signal evolution for 
each simulation approach was compared with the aver-
age reference simulations (3D-ANA-MC) using the nor-
malized root mean square deviation (NRMSD), defined as

	
NRMSD r( ) =

1
NT

n=1

NT∑ Sr n( ) − Sr ,ref n( )
2

σ r ,ref

×100%,
	

(13)

where r indexes radius, NT is the number of time points in 
the simulations, Sr is the mean simulated signal evolution 

https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
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for the r-th radius, Sr,ref is the mean signal evolution from 
the reference method for the r-th radius, and σr,ref is the 
standard deviation over time of the reference signal evo-
lution for the r-th radius. NRMSD was calculated sepa-
rately for the total (EV+IV), EV, and IV signals.

3.3.3.  Simulation accuracy: comparison of BOLD 
contrast

Next, the apparent GE and SE relaxation rates were cal-
culated at a single TE as

	
ΔR2

'( ) = −
log S TE( )

TE
,
	

(14)

using TE = 30 ms for ΔR2’ and TE = 70 ms (i.e., the spin-
echo time) for ΔR2. Plots of the relaxation rates vs. ves-
sel radius were used to characterize the simulations. 
We refer to these plots as “Boxerman plots” given their 
use in the seminal work of Boxerman, Hamberg, et al. 
(1995).

A range of factors, such as the field offsets themselves 
(in the case of static dephasing) or the correlation of the 
field offsets sensed by the spins over time (in the case of 
motional narrowing), can influence how the relaxation 
rates may differ from the reference simulation. Therefore, 
to aid in the interpretation of the results, the distributions 
of B0 offsets were analyzed for a subset of the 2D and 3D 
geometries. Field offsets across each voxel were calcu-
lated on a grid (1,0002 in 2D and 5003 in 3D) from which 
histogram distributions were generated.

3.3.4.  Computational performance

Finally, we previously reported computational perfor-
mance of most—but not all—of the simulation approaches 
assessed here (Chaussé et  al., 2025). To assess the 
remaining approaches, sample simulations were run 
from which the peak memory demands and the total 
computing time were recorded. The computing time 
was  divided into the initialization time for the simula-
tions (e.g., create the set of vessels or, if necessary, cal-
culate the ΔB0 maps) and the run time to calculate the 
MR signal. More details are given in the Supplementary 
Material.

4.  RESULTS

4.1.  Use case: Vascular fingerprinting accuracy

Summarized in Figure 4 are the comparisons of the out-
comes of our vascular fingerprinting use case. We focus 
specifically on the absolute difference (i.e., absolute error) 
between the estimated and true vessel radius for all sim-
ulation approaches. Box plots of the resulting absolute 
error in the estimated radii are shown in Figure 5. Except 
for 2D-ANA-MC-3B0, which resulted in errors in 12 of the 
15 radii (mean/max absolute errors of 54%/233%), and 
2D-ANA-MC-1V, which produced errors at 7 radii (mean/
max absolute errors of 13%/33%), most approaches 
could reasonably predict the ground-truth radii (see 
Fig.  5). The Fourier-based approaches, including the 
3D-FFT-MC and 3D-FFT-MC-VAN simulations, only had 

Fig. 4.  Vascular fingerprinting results showing the coefficient of determination, R2, when each respective simulation 
approach is used as the fingerprinting dictionary. The horizontal axes show the true radius corresponding to the test 
signals from the 3D-ANA-MC simulations, and the vertical axes show the dictionary radius used for comparison. The solid 
black line shows the ground-truth one-to-one relationship, and the red markers show the estimated radius corresponding 
to the dictionary radius with the highest R2 for the given test signal. The plots are organized by the 2D approaches in the 
top row and the 3D approaches in the bottom row. All plots share the colour bar in the bottom right.

https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
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two erroneous radii each. The remaining four approaches 
predicted all radii correctly.

4.2.  Simulation accuracy: Comparison of signal 
intensity

To interpret the outcomes of the use case test, the most 
fundamental comparison was that of the signal intensi-
ties. Differences in intensity were computed relative to 
the reference method (i.e., 3D-ANA-MC) to produce the 
NRMSD. The NRMSD of all simulation techniques is plot-
ted as a function of radius in Figure 6, and the average 
NRMSD across radii is shown in Figure 7. The associated 
mean simulated SE signal evolution for each simulation 
technique is shown at three characteristic radii in Supple-
mentary Figure  S2. The EV signal for all approaches 
agreed closely with the reference for most radii, although 
many techniques still had poorer agreement at smaller 
radii (Fig. 6). The IV signal was typically associated with 
the greatest relative difference (~10% or greater) across 
all techniques. While a 10% difference may seem high, 
from the example IV signal evolutions in Supplementary 
Figure S2, the approaches with NRMSD ≲10% are still in 
excellent agreement overall with the reference signal 
(e.g., 2D-ANA-MC, 3D-ANA-MC-GRID). Given the low 
blood volume (2%), the total signal and its NRMSD were 
dominated by the EV signal. An exception to this is the 
2D-ANA-MC-3B0 simulations, where the total signal was 
extremely biased due to the erroneous IV signal. Of note, 
the EV and total signal from the VAN simulations in Fig-
ure 6G have NRMSD <10% for radii ≳3 μm, in line with 

gridded infinite cylinders (3D-ANA-MC-GRID), giving 
acceptable results when qualitatively assessed, as shown 
in Supplementary Figure  S2G, where the signal evolu-
tions overlap closely for the 10- and 60-μm radius 
simulations.

As an attempt to remove biases that may be imposed 
by selecting the 3D analytical infinite cylinder MC 
approach as the reference, we repeated the analyses in 
Figure 7 using each of the simulation approaches for the 
reference signals. Those results are shown in Supple-
mentary Figure S3. From those plots, the trends that were 
observed when 3D-ANA-MC was the reference signal 
generally persisted when the other approaches were 
used as reference signals. The 2D-FFT-MC-3B0 approach 
is a clear outlier when it was used as the test or reference 
signals. When 3D-FFT-MC-VAN was used for the refer-
ence signals (bottom row), the NRMSD values were 
slightly elevated, particularly for the IV signal, but still in 
line with the NRMSD of other approaches, such as 2D-A-
NA-DD.

4.3.  Simulation accuracy: Comparison of BOLD 
contrast

To further quantify the signal evolutions, we compared the 
simulations in terms of the vascular contributions to the R2 
(SE) and R2’ (GE) relaxation rates. The Boxerman-style 
plots comparing the relaxation rates as a function of 
radius are shown in Figure 8 for all 2D methods. Different 
diffusion techniques (Monte Carlo and deterministic diffu-
sion) are compared in Figure  8A. The 2D-ANA-MC and 
2D-ANA-DD techniques both showed excellent agree-
ment with the 3D-ANA-MC reference approach, although 
at small radii, the IV SE relaxation rates for both approaches 
diverged in opposite directions (Fig. 8A.4). The effect of 
simplifying the simulations by using a single vessel is 
shown in Figure  8B. The 2D-ANA-MC-1V approach 
slightly overestimated the EV relaxation rates (Fig. 8B.2), 
underestimated the IV GE rate (Fig. 8B.3), and was unable 
to predict the IV SE rate (Fig. 8B.4) since the IV space is 
completely homogeneous; hence, spins are refocused at 
every B0 angle. The use of a random B0 direction per ves-
sel (2D-ANA-MC) is compared with three B0-direction 
averaging (2D-ANA-MC-3B0) in Figure 8C. The 2D-ANA-
MC-3B0 technique slightly underestimated the EV relax-
ation rates (Fig. 8C.2). The IV GE relaxation rates (Fig. 8C.3) 
were all nearly zero since all vessels were defined as hav-
ing the same IV ΔB0 value in the 3B0 approach, although 
there is still a small influence from the neighbouring EV 
fields on the IV space, resulting in a dramatic reduction in 
the total relaxation rate. Yet, the IV SE rates for the 3B0 
approach (Fig. 8C.4) are consistent with the 2D-ANA-MC 
method since ΔR2 is dominated by EV fields.

Fig. 5.  Box plot of the absolute percent error in the 
radius estimated using the dictionary lookup relative to 
the true radius from the 3D-ANA-MC simulations. The 
median absolute error is represented by the central line, 
the interquartile range is represented by the box height, the 
minimum and maximum non-outlier values are represented 
by the whiskers, and any outliers are represented by the 
* symbols. Several simulation approaches gave perfect 
estimates for all radii and, hence, are represented by a 
single horizontal line at zero error.

https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
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The Boxerman-style plots for all 3D methods are 
shown in Figure  9. The effect of analytical vs. Fourier-
based ΔB0 calculations is compared in Figure 9A. Except 
for the case of IV SE (Fig. 9A.4), the ΔR2

(‘) curves for both 
ΔB0 calculation approaches are in excellent agreement 
with that of the reference technique. Discretization alone 
(comparing 3D-ANA- MC-GRID with 3D-ANA-MC) 
caused the IV SE relaxation rates (Fig. 9A.4) to increase at 
small radii relative to the reference. Conversely, when 
ΔB0  is calculated on a grid using the Fourier method 
(3D-FFT-MC), the simulated relaxation rates associated 
with the larger radii are the least accurate, and the entire 
Boxerman curve appears to shift toward larger radii with 
higher relaxation rates. Figure 9B compares the effect of 
simulating with infinite cylinders to VANs, both using 
Fourier-based ΔB0 calculations. The total and EV signal 
relaxation rates are in good agreement with each other 
and the reference (Fig. 9B.1, B.2), and the IV relaxation 

rates are also in good agreement until the radius falls 
below ~20 μm, at which point the IV relaxation rates for 
the VANs start to depart from both infinite cylinder cases, 
that is, 3D-ANA-MC and 3D-FFT-MC (Fig. 9B.3, B.4).

To aid in the interpretation of the preceding differences 
in the relaxation rates, histograms of the ΔB0 distributions 
for selected 2D and 3D approaches are shown in Fig-
ures 10 and 11, respectively. The more dissimilar the ΔB0 
spectra of any of the approaches are, the less likely it is 
for the simulated signals to match. Conversely, even if 
ΔB0 spectra match, the simulated signals may not neces-
sarily also match since the spatial pattern of field offsets 
impacts the final signal due to the diffusion of water 
through the EV and IV field offsets. For the 2D geome-
tries, the total and EV ΔB0 distributions for randomly 
assigned B0 directions and the 3B0 technique are in close 
agreement with the distributions from 3D infinite cylin-
ders (Fig. 10A, B). The IV histograms from the 3D and 2D 

Fig. 6.  Normalized RMS difference (NRMSD) between the mean simulated decay for each simulation technique relative 
to the mean reference simulation (3D-ANA-MC) vs. radius. (A–D) NRMSD of the 2D voxel simulations. (E, F) NRMSD of the 
3D voxel simulations. NRMSD was calculated separately for the total signal (EV+IV, green curves), EV only (orange), and IV 
only (purple). Note that all graphs are plotted on a log–log scale.
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(with random B0 directions) approaches are broad distri-
butions coming to a sharp peak at −67 ppb (Fig. 10C). 
However, with the 3B0 technique, since all vessels effec-
tively only see the sum of two B0 directions, there is an 
artifactually narrow peak in its IV ΔB0 distribution. For the 
3D techniques, we considered histograms for infinite cyl-
inders with ΔB0 calculated analytically or with the FFT 
and VANs using the FFT (Fig. 11). The EV distributions are 
all remarkably similar (Fig. 11B). When calculated with the 
FFT, the IV histogram of the infinite cylinders becomes a 
blurred version of the analytical histogram with a reduced 
peak at −67 ppb (Fig. 11C), and the IV VAN FFT histo-
gram closely resembles it. Despite the IV spectra for the 
VAN and infinite cylinder FFT approach being so similar, 
the simulated signals are quite different (e.g., Figure 9B.4 
and Supplementary Fig​. S2), confirming that differences 
in the spatial distributions of ΔB0, due to tortuosity, vessel 
junctions, etc., must also be influencing the signals.

4.4.  Computational performance

Finally, as mentioned earlier, a key factor in choosing the 
simulation approach has been computational complexity. 
The peak memory demands and the total computing time 
of the simulations are given in Supplementary Figure S4. 
The reference approach (3D-ANA-MC) had low memory 
requirements and relatively short computing times. The 
2D approaches naturally had the shortest computing 
times, and the gridded 3D approaches had the longest 
computing times and greatest memory requirements, as 
one might expect. One exception to this, however, was 
for 2D-ANA-DD, where the computational requirements 

scaled with vessel size due to the necessity to maintain a 
higher effective spatial resolution that could adequately 
sample the diffusion kernel. The resulting computing 
times and memory requirements for 2D-ANA-DD at the 
largest radii were comparable with the 3D gridded 
approaches (see Fig. 9 in Chaussé et al. (2025) for more 
details). Therefore, if simulating on a standard desktop 
computer with <32 GB of memory, selecting a 2D or 3D 
analytical ΔB0 method without gridding should perform 
well. Overall, the reference approach provided an excel-
lent balance between computational efficiency and 
numerical accuracy.

5.  DISCUSSION

Our study has provided a comprehensive comparison of 
the most common biophysical simulation techniques for 
modelling the BOLD fMRI signal, including different geom-
etries and implementation choices. A simplified vascular 
fingerprinting experiment was used to demonstrate how 
the choice of simulation approach may impact a study’s 
conclusions (vessel radius, in this case). To provide insight 
into this impact, we showed that most of the simulation 
techniques were in good agreement with the reference 
technique (3D-ANA-MC) in terms of NRMSD and relax-
ation rates; however, some notable exceptions were found 
for a subset of the approaches, particularly for the IV com-
ponent. These findings can provide a baseline for under-
standing the effect of the choice of simulation approach on 
the accuracy of quantitative fMRI techniques.

5.1.  Comparing simulation approaches

With our Guiding Questions in mind, we performed the 
following analyses:

	 1.	� To determine how relevant, modern applications 
may be impacted by the choice of simulation 
method, we examined the estimated vessel radii in 
a simplified vascular fingerprinting analysis. A 
small subset of approaches was less appropriate 
for this chosen application.

	 2.	� To determine how different infinite cylinder simula-
tion approaches compare with each other, we 
compared them all with a common reference 
approach, which we deemed the ground truth for 
infinite cylinder simulations. See below for more 
specific comparisons.

	 3.	� To determine the effect of assuming blood vessels 
are infinite cylinders, we directly compared the 
simulations from synthetic VANs with our refer-
ence infinite cylinder model (3D-ANA-MC). To 
probe the sources of the differences between the 

Fig. 7.  Bar plots of the normalized RMS difference 
(NRMSD) averaged over all radii for each simulation 
technique relative to the reference technique (3D-ANA-
MC). The error bars represent ± 1 standard deviation of 
the mean. In cases where the standard deviation is greater 
than or equal to the mean, only the upper bar is displayed 
since values are displayed on a logarithmic scale. NRMSD 
is plotted for the total signal (EV+IV, green bars), EV only 
(orange), and IV only (purple).

https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data
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reference and VAN simulations, we incrementally 
changed the simulation approaches from continu-
ous space to discrete space, then from analytical 
to Fourier-based ΔB0 calculations, and then from 
infinite cylinders to VANs. All these simulations 
were in reasonable agreement (see below for fur-
ther discussion).

We summarize the impact of the major design deci-
sions when selecting a simulation approach in Table  3 
and in the discussion that follows.

5.1.1.  The impact of using 3D vs. 2D infinite 
cylinder geometries

The reference technique, 3D-ANA-MC, is based directly 
on the seminal work of Boxerman, Hamberg, et al. (1995). 
The method that best agreed with it (in terms of NRMSD 
and relaxation rates) was, surprisingly, not another 3D 
method, but rather 2D-ANA-MC (Figs.  6–9). Thus, we 
conclude that 3D field offsets can be well represented in 
2D, likely due to the invariance of the B0 offsets parallel to 
an infinite cylinder. Moreover, by assigning a random B0 

Fig. 8.  Boxerman plots showing the gradient-echo (GE) and spin-echo (SE) relaxation rates (ΔR2
(‘)) as a function of vessel 

radius for the 2D geometry simulation techniques. From left to right: relaxation rates are plotted separately for (1) total 
signal (EV+IV), (2) extravascular (EV), (3) intravascular GE, and (4) intravascular SE. In all plots, the reference relaxation 
rates from 3D-ANA-MC are displayed as black curves after applying a smoothing spline fit to them, and the techniques 
being compared use circle symbols for ΔR2’ and square symbols for ΔR2. (A) Comparison between simulations modelling 
diffusion using the Monte Carlo method (2D-ANA-MC) or deterministic diffusion (2D-ANA-DD). The 2D-ANA-MC technique 
is expected to be the closest approximation to the reference 3D-ANA-MC technique (black lines), hence the comparison 
of 3D with the simplified 2D models. (B) Comparison between simulations from voxels filled with multiple vessels (2D-
ANA-MC) with the average simulations from a voxel occupied by a single vessel and uniformly varying B0 polar angle. 
(C) Comparison between simulations using field offsets generated by random B0 directions per vessel (2D-ANA-MC) to 
the average offset from three B0 directions per vessel (2D-ANA-MC-3B0). Error bars show the mean ± standard deviation 
across all simulations.
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direction to each 2D vessel (Fig. 2B), the ΔB0 distribution 
of the reference technique was closely replicated (Fig. 10). 
However, the IV spin-echo ΔR2 rates were significantly 
underestimated at small radii using the 2D-ANA-MC 
method (Fig. 8A.4). This can be explained through imper-
fect spin refocusing, as follows. Generally, the reason 
that ΔR2 is non-zero is that spins cannot be refocused 
when they sample a different set of ΔB0 values in the time 

TE/2 before and after the refocusing pulse. Non-intuitively, 
for IV spins, since the IV field offset from an infinite cylin-
der is a constant and would always be refocused, it is 
actually the EV field offsets from neighbouring vessels 
that give rise to imperfect IV refocusing. For small vessel 
radii (≲10 μm in our simulations), the diffusion length is 
large relative to the vessel size such that IV spins can 
sample a wider range of EV field offsets, reducing their 

Fig. 9.  Boxerman plots showing the gradient-echo (GE) and spin-echo (SE) relaxation rates (ΔR2
(‘)) as a function of vessel 

radius for the 3D geometry simulation techniques. From left to right: relaxation rates are plotted separately for (1) total 
signal (EV+IV), (2) extravascular (EV), (3) intravascular GE, and (4) intravascular SE. In all plots, the reference relaxation 
rates from 3D-ANA-MC are displayed in black after applying a smoothing spline fit to them, and the techniques being 
compared use circle symbols for ΔR2’ and square symbols for ΔR2. (A) The effect of gridding the analytical field offsets 
(3D-ANA-MC-GRID) is compared with calculating the offsets using the Fourier method on infinite cylinders (3D-FFT-MC). 
(B) The VAN simulations are compared against infinite cylinder simulations where each used the Fourier method. Error bars 
show the mean ± standard deviation across all simulations.

Fig. 10.  Histograms of the relative ΔB0 distributions (in parts per billion, ppb) for 2D geometries relative to the reference 
3D geometry, considering ΔB0 over (A) all space, (B) the EV space, or (C) the IV space. The three histograms considered 
were for random infinite cylinders in 3D (blue), infinite cylinders in 2D with the direction of B0 randomly assigned per 
vessel (orange), and infinite cylinders in 2D using the 3B0 technique (yellow). The inset in (C) shows a zoom-in of the IV 
histograms, excluding the 3B0 technique. In all cases, field offsets were calculated analytically, and each histogram is the 
average of 10 voxels’ histograms, with the error bars representing plus/minus 1 standard deviation. (A, C) share the legend 
in (A).
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likelihood of being refocused. While this is the case for 
both 2D and 3D geometries, the IV spins in 3D space can 
diffuse both within the vessel cross-section and along its 
length (volume πR2L), allowing the spins to sample a 
wider range of EV fields, whereas IV spins in 2D space 
are confined to each vessel’s 2D cross-section (area πR2), 
limiting the range of ΔB0 they sample and allowing them 
to be more readily refocused. Despite this systematic 
bias, the NRMSD was the smallest for 2D-ANA-MC 
(Figs. 6 and 7), translating to perfectly accurate vascular 
fingerprinting results (Figs. 4 and 5). Nonetheless, we rec-
ognize that more complex geometries than infinite cylin-
ders may not simplify to 2D representations as easily nor 
produce similarly accurate simulations.

5.1.2.  The impact of using different diffusion 
calculations

The 2D-ANA-DD simulation approach produced excel-
lent agreement with the reference 3D-ANA-MC method, 
second only to 2D-ANA-MC for the 2D methods. The 
required spatial resolution was a major consideration 
when implementing the diffusion calculations with the 
Monte Carlo or deterministic diffusion approaches, par-
ticularly given how changing vessel radii was imple-
mented in this study by scaling the voxel size. The effect 
of changing the voxel size on the spatial resolution 
needed to be considered in terms of the resolution of the 
ΔB0 maps and diffusion sampling. For the Monte Carlo 
simulations with ΔB0 calculated in continuous space (see 

Fig. 11.  Histograms of the relative ΔB0 distributions (in parts per billion) for three different combinations of 3D vessel 
type and B0 calculation, considering ΔB0 over (A) all space, (B) the EV space, or (C) the IV space. The three combinations 
considered were random infinite cylinders with ΔB0 calculated analytically (blue) or calculated using the FFT method 
(orange) or VANs using the FFT method (yellow). In all cases, each histogram is the average of 10 voxels’ histograms, with 
the error bars representing plus/minus 1 standard deviation. (A–C) share the legend in (C).

Table 3.  Summary of the impact of the major design decisions one must make when selecting a simulation approach.

Design decision Impact

Voxel geometry: 3D vs. 2D • � 2D approaches (2D-ANA-MC and 2D-ANA-DD) can accurately reproduce the reference 
approach

• � Certain 2D approaches were also some of the least accurate (i.e., 2D-ANA-MC-1V and 
2D-ANA-MC-3B0)

•  IV signal can be challenging to replicate in 2D 
•  3D provides the most flexibility to represent all geometries of interest

Diffusion calculation:  
Monte Carlo vs.  
deterministic diffusion

•  MC simulations provide the most flexibility and accuracy 
•  DD simulations quickly converge since individual spins are not tracked 
•  DD simulations were reasonably accurate 
• �� Memory demands of DD scale significantly when modelling signal from larger voxels/

vessels

ΔB0 calculation: analytical vs. 
Fourier-based

•  Analytically calculated B0 offsets are the most accurate 
• � Fourier-based ΔB0 calculations are currently the most convenient for arbitrary vessel 

geometries, like VANs
• � Fourier-based ΔB0 calculations maintain signal accuracy in the EV space but are more 

error prone at vessel edges, having an outsized impact on the IV signal
• � Memory demands are elevated for discrete space simulations, necessitated by  

Fourier-based approaches

Vessel geometry: infinite  
cylinders vs. simplified  
VANs

• � EV and total signal for random, infinite cylinders and simplified VAN simulations  
(3D-FFT-MC-VAN) are in good agreement for radii ≳ 3 μm

•  IV signal relaxation rates approach each other at radii ≳ 30 μm 
•  Infinite cylinders may reliably replicate signal from simplified VANs

DD: deterministic diffusion; EV: extravascular; IV: intravascular; MC: Monte Carlo; VAN: vascular anatomical network.
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Table 2), scaling the voxel size had no impact on the res-
olution of ΔB0 or diffusion sampling. For the gridded 
Monte Carlo approaches, the ΔB0 spatial resolution 
remained constant, as there were always 6.7 (or 8) grid 
elements per vessel diameter in 3D (or 2D). However, the 
diffusion sampling resolution decreased as the voxel size 
increased. The largest vessel size constrained our resolu-
tion since this is where diffusion approaches the static 
dephasing regime, such that if the resolution was too 
coarse, spins may never leave the subvoxel they started 
in. Our grid size convergence simulations ensured that 
our grid size was adequate in this limiting case (see Sup-
plementary Fig​. S1).

For deterministic diffusion, the opposite sampling 
constraint was true: we previously found that adequately 
sampling the diffusion kernel was a limiting factor for the 
accuracy of the simulations (Berman, 2012). As a result, 
as the vessel radius and voxel size increased, we needed 
to maintain a minimum spatial resolution such that the 
diffusion kernel did not become a delta function. There-
fore, there were more grid elements per vessel radius as 
the voxel size increased, such that the effective ΔB0 res-
olution increased, but the diffusion sampling remained 
constant. The results of 2D-ANA-DD may have been 
improved if even higher spatial resolution were used (see 
below). However, one concern for the DD method was 
the increased number of grid elements required when 
modelling vessels with large radii. Using convolution-
based deterministic diffusion, the main advantages of DD 
over MC methods are that the simulated signals do not 
have random statistical noise (from an insufficient num-
ber of simulated spins), and the computing time is lower 
since random walks for 104–106 spins are unnecessary. 
However, as the grid size needs to be increased to ade-
quately sample the diffusion kernel for larger vessel radii, 
the increased memory demands and convolutions of 
larger arrays can negate the computational gains relative 
to the MC computations (Chaussé et al., 2025).

Another limitation of the DD method is the permeabil-
ity correction, which retrospectively reverses the blurring 
of magnetization across tissue boundaries (Pannetier 
et al., 2014). In our experience, when modelling imperme-
able vessels with DD, results may be erroneous when the 
diffusion in one time step allows a significant portion of 
magnetization to spread diametrically from one side of a 
vessel to the other. This can be addressed by reducing 
the time step (Pannetier et al., 2014) but with the cost of 
limiting the number of grid points sampling the diffusion 
kernel, thus necessitating an increased spatial resolution. 
Furthermore, to the best of our knowledge, only fully per-
meable or impermeable boundaries have been devel-
oped for DD, but not intermediate permeability, which is 
more easily controlled with MC simulations (Boxerman, 

Hamberg, et al., 1995). Intermediate permeability could 
potentially be implemented in the DD framework using an 
approach developed by Pannetier et al. (2013) for model-
ling contrast agent extravasation, although this has not 
been tested.

5.1.3.  The effect of using analytical vs. Fourier-
based ΔB0 calculations

As mentioned previously, the interpretation of differences 
resulting from analytical versus Fourier-based ΔB0 calcu-
lations, such as 3D-ANA-MC vs. 3D-FFT-MC, is con-
founded by the fact that the Fourier-based approaches 
require spatial discretization of the vessels and ΔB0 distri-
butions. Therefore, the 3D-ANA-MC-GRID simulations 
were employed to bridge 3D-ANA-MC and 3D-FFT-MC. 
This spatial discretization introduced only low levels of 
errors in 3D-ANA-MC-GRID that were relatively constant 
across radii in the NRMSD (Figs. 6 and 7). Errors in the 
Boxerman plots were also small, with the greatest errors 
observed in the IV ΔR2 curve at small radii (≲4  μm) 
(Fig.  9A.4). These discretization errors would have also 
been present in the DD simulations, and indeed, a similar 
increase in the IV ΔR2 values at small radii was observed 
in 2D-ANA-DD, as opposed to the corresponding 
decrease IV ΔR2 observed for the non-gridded 2D-A-
NA-MC simulations (Fig. 8A.4). Since the 3D-ANA-MC-
GRID simulations should approach the reference 
simulations when higher spatial resolutions are employed, 
the most plausible explanation for the errors at small radii 
is that the resolution of all these gridded techniques was 
not entirely adequate.

When using the Fourier transform in discrete space to 
calculate ΔB0, 3D-FFT-MC was in excellent agreement 
with 3D-ANA-MC-GRID and the reference for both the 
total and EV signals. The Boxerman plots (Fig.  9A.1), 
which all agreed well, showed nearly identical trends as 
those from Martindale et al. (2008), who also compared 
analytical and Fourier-based ΔB0 calculations using 
infinite cylinders. Conversely, the Fourier technique dra-
matically changed the IV ΔR2 curve relative to discretiza-
tion alone (3D-ANA-MC-GRID), which, for small radii, 
could be the result of cancellation of errors from the dis-
cretization and the FFT (Fig.  9A.4). The IV ΔR2 curve 
appears to have shifted to larger radii (see Fig. 9A.4), but 
the remaining EV and IV relaxation rates remained con-
sistent with the reference. If there was a corresponding 
shift to larger radii for the IV ΔR2′ curve (Fig. 9A.3), we 
may not have observed it since the entire curve is already 
relatively flat across radii. The change in the IV signal, 
introduced by the Fourier-based ΔB0 calculation, is a 
probable source of the outliers in the fingerprinting results 
at large radii for the 3D-FFT-MC and 3D-FFT-MC-VAN 

https://doi.org/10.1162/IMAG.a.1247#supplementary-data
https://doi.org/10.1162/IMAG.a.1247#supplementary-data


19

A.J.L. Berman, J. Chaussé, G. Hartung et al.	 Imaging Neuroscience, Volume 4, 2026

simulations (Fig. 4). At these radii, the R2 values used for 
dictionary matching were all very high (>0.99), even 
across neighbouring radii, such that subtle systematic 
differences coming from the ΔB0 calculation could result 
in erroneous matches. See the next section for discus-
sion on the outlier at 2-μm radius in 3D-FFT-MC-VAN. In 
general, Fourier-based ΔB0 calculations are known to be 
less accurate around discontinuities in susceptibility dis-
tributions, such as at vessel walls (Y. C. Cheng et  al., 
2009; Marques & Bowtell, 2005; Pathak et  al., 2008). 
Since the inaccurate voxels occupy a much larger frac-
tion of the IV space than the EV space, errors are more 
likely to accumulate in the IV space, consistent with our 
observations. Overall, however, introducing the Fourier-
based ΔB0 calculation had a minor impact on the NRMSD 
relative to discretization and on the vascular fingerprint-
ing results.

5.1.4.  Infinite cylinders can reproduce simplified 
VAN simulations

The comparison of infinite cylinders with synthetic VANs 
seeks to quantify the effect of branching, bending, etc., 
which are not found in infinite cylinders. The 3D-FFT-MC 
simulations are useful for interpreting why the synthetic 
VAN simulations may have differed from infinite cylinder 
simulations since 3D-FFT-MC and 3D-FFT-MC-VAN are 
identical in every regard except for the vascular geome-
try. With the previous Fourier-induced errors in mind, we 
observed a very different shape of the GE and SE IV 
Boxerman curves when using the synthetic VANs, while 
the EV relaxation rates were still relatively consistent 
with the reference (Fig. 9B). For large radii (≳30 μm), all 
the relaxation rates converged with those of the 
3D-FFT-MC simulations. This convergence is consistent 
with the fact that the Fourier-based ΔB0 histograms for 
infinite cylinders and the synthetic VANs were in close 
agreement (Fig.  11C) since diffusion effects have a 
smaller role for larger radii, that is, in the static dephas-
ing regime (Yablonskiy & Haacke, 1994). The differences 
in the EV and IV relaxation rates for the VANs at smaller 
radii (≲30 μm) must, therefore, reflect differences in the 
specific history of field offsets that collections of spins 
sample in and around branching, tortuous vessels com-
pared with non-branching, infinite cylinders (Kiselev & 
Novikov, 2018). This is consistent with the findings of 
Marques and Bowtell (2008), who noted that the inability 
of infinite cylinders to fully recreate the field offsets at 
the junctions of branching vessels influences the appar-
ent relaxation rates. These morphologically driven differ-
ences in relaxation may also help explain the outlier in 
the 3D-FFT-MC-VAN fingerprinting results in Figure 4 at 
the small radius (2 μm), as there was no corresponding 

outlier for the FFT-based, infinite cylinder simulations 
(3D-FFT-MC).

Despite differences in the relaxation rates from the 
synthetic VANs, the NRMSD of the total signals is rela-
tively low for radii ≳3 μm (Fig. 6). For the radius of typical 
capillaries, ~4 μm, the EV and total NRMSD of the VANs 
roughly reached a lower plateau (~7%), suggesting that 
random infinite cylinders should be a reasonable substi-
tute for modelling signal from the capillary bed. As men-
tioned in the Methods, we needed to adapt the VAN 
synthesis to produce the desired CBV with a fixed vessel 
radius. This resulted in a VAN with 2.25× the normal ves-
sel segment density. Since the field offsets at vessel 
branching points are poorly captured by infinite cylinders, 
we expect simulations from the reference approach 
would have better agreement with simulations from a 
VAN with a vessel segment density in the normal range 
since there would be fewer branch points.

Previous work from Marques and Bowtell (2008) also 
compared simulations from VANs and infinite cylinders. 
Unlike our results, where the relaxation rates converged 
at larger radii (Fig. 9B), they observed a more constant, 
yet slight, overestimation of the VAN relaxation rates in 
their Boxerman plots across radii. They attributed most 
of the discrepancy to mismatches in the volume fractions 
occupied by their VANs vs. infinite cylinders, and they 
noted that the remaining discrepancies likely came from 
differences in the field offsets at the junctions of branch-
ing vessels. Directly comparing our results with theirs is 
challenging since they used a finite-difference approach 
in real space to solve the Bloch equations instead of MC, 
and a single-vessel model for the infinite cylinder simula-
tions, like our 2D-ANA-MC-1V approach, which we have 
shown here results in overestimated EV relaxation rates 
compared with the reference approach. Moreover, they 
considered a single VAN realization with approximately 
the same voxel side length as ours (150 μm) but with a 
distribution of larger radii (2–4.5 μm compared with 1 μm 
in ours), resulting in far fewer vessel segments, which 
impacts the ability to produce enough randomness in the 
distribution of vessel orientations (this was partially com-
pensated by averaging the simulations from multiple B0 
orientations). Pathak et al. (2008) compared VAN-like and 
infinite cylinder simulations at a single radius of 1.8 μm 
and found some discrepancies between the simulated 
time series, similar to what we found at this low radius.

Our synthetic VAN models did not include all aspects of 
realistic vasculature, nor were they meant to represent 
vessels such as pial and intracortical vessels, which is why 
we also referred to them as simplified VANs. The close 
agreement between our simplified VAN simulations and 
the other approaches is likely higher than what a full VAN 
or real vasculature might produce because the other 
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aspects of the vasculature (e.g., orientation asymmetries) 
were absent. Scaling the voxel size to achieve larger ves-
sel sizes, as was done here and is commonly done, does 
not accurately capture the anatomical properties of the 
larger vessels. For example, the largest radius simulated 
here—60  μm—is more representative of pial vessels, 
which have different branching patterns from the capillary 
network that we synthesized (Hartung, Badr, Moeini, et al., 
2021; Linninger et al., 2019). To achieve a more realistic 
vascular model using infinite cylinders, these more sparse 
and structured large vessels, which impose known fea-
tures on the BOLD signal, such as a cortical orientation 
dependence (Gagnon et al., 2015; Viessmann et al., 2019), 
could potentially be modelled through the addition of 
infinite cylinders with the appropriate size and orientation 
in place of a full VAN model (Berman, Wang, et al., 2021; 
Goerke et al., 2007). Although our simulations used a sin-
gle vessel radius, we would not expect the introduction of 
vessel-size heterogeneity to impact the performance of 
the simulation approaches all that much. We would expect 
that some of the parameters that we examined (e.g., relax-
ation rates) would become a weighted combination of the 
results from the individual radii, where that weighting 
would be sequence specific, as previously demonstrated 
(Boxerman, Hamberg, et al., 1995; Martindale et al., 2008).

Besides anatomical accuracy, VANs permit realistic 
flow and oxygen distribution calculations over the contin-
uously connected vascular tree. This continuous distribu-
tion of oxygenation levels is harder to reproduce with 
randomly oriented infinite cylinders; however, it has 
recently been shown that VANs whose vessels have been 
compartmentalized into just four oxygenation levels 
(arteries, capillaries, and two venous compartments) can 
produce accurate simulations relative to VANs with con-
tinuously varying oxygenation levels (Charest et  al., 
2024). Thus, in the absence of a real, complete VAN, 
accurate VAN-like simulations may be possible by com-
bining smaller, randomly oriented cylinders, to represent 
the capillary bed, and some larger, non-randomly ori-
ented cylinders, to represent the remaining vascular 
compartments, and a small number of oxygenation levels 
appropriately assigned across the cylinders.

5.1.5.  The costs of simplification

While simplifications to the simulation approach reduce 
computational complexity and promote adoption of for-
ward modelling, there are limits to the extent of simplifi-
cation. In this regard, the least accurate of all simulations 
was 2D-ANA-MC-3B0, a 2D approach where the field 
offsets from two orthogonal orientations were averaged. 
The error was primarily driven by the IV signal since the 
distribution of ΔB0 in the IV space exhibited a localized 

peak that is not characteristic of random vessel orienta-
tions (Fig. 10). Although the blood volume was only 2%, 
the reference approach’s IV signal accounted for 25% of 
the total signal’s GE R2′ decay (inferred from Fig.  8). 
Therefore, since 2D-ANA-MC-3B0 was unable to accu-
rately model the IV component’s R2′ decay, it is unsur-
prising that the total signal deviated substantially from 
the reference, impacting all analyses, including the vas-
cular fingerprinting results.

Notably, the 3B0 approach is combined with Fourier-
based ΔB0 calculations and deterministic diffusion in 
another BOLD simulation toolkit, MrVox2D (Pannetier 
et al., 2013). This toolkit was used in the first vascular fin-
gerprinting study (Christen et al., 2014) and several other 
studies that followed. However, as we have shown here, 
the 3B0 approach, Fourier-based ΔB0 calculations, and 
DD are all prone to errors that can lead to biased finger-
printing results (Figs.  4 and 5). Consistent with our 
observed overestimation of the known vascular radii, the 
contributors to MrVox2D have recently shown that the 3B0 
approach overestimated the underlying distribution of 
radii by 14–19%, on average, as compared with a more 
realistic VAN-based dictionary when performing vascular 
fingerprinting on in vivo rat data (Delphin et  al., 2024). 
Thus, the 3B0 approach should be used with caution.

Another simplification we tested was the single-vessel 
approach, 2D-ANA-MC-1V. An advantage of this 
approach over others is that a small voxel size is required 
since only a single vessel must be contained within it. 
This can translate to fewer MC spins to be simulated or a 
smaller grid size for DD simulations, albeit at the expense 
of having to iterate at varying polar B0 angles. However, 
this single-vessel simplification showed poorer agree-
ment with the reference method than the other 2D 
approaches (save for the 3B0 method) as it produced 
larger NRMSDs (Fig.  7), increased EV relaxation rates, 
and decreased IV relaxation rates (Fig. 8B). The elevated 
EV relaxation rates could be the result of inadequately 
sampling the distribution of polar angles from 0 to 90°, 
since Mueller-Bierl et al. (2007) showed that the EV relax-
ation rates are overestimated when using 6 or 9 polar 
angles compared with when using 18 (our study used 9 
angles, like Uludag et al. (2009)). The underestimation of 
the IV relaxation rates could be mitigated by scaling the 
IV signal by the EV signal, as proposed by Boxerman, 
Bandettini, et al. (1995), since the IV spins should sense 
the EV field from neighbouring vessels. Despite these 
biases, the single-vessel approach has been used in 
seminal studies that have helped establish our biophysi-
cal understanding of the BOLD signal, such as Ogawa 
et al. (1993) and Uludag et al. (2009), using 16 and 9 polar 
angles, respectively. If one uses their corresponding 
results to consider relative trends that relate the underly-
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ing physiology to the BOLD signal (e.g., the microvascu-
lar specificity across field strengths) rather than defining 
specific relationships to later quantify physiological 
parameters in vivo (e.g., quantifying CBV based on relax-
ation rates), the trade-off between quantitative accuracy 
and ease of implementation is reasonable.

5.2.  Limitations and future work

5.2.1.  Breadth of simulation approaches vs. 
simulation parameter values

One limitation of this work is that a single set of simulation 
parameters (i.e., including susceptibility offset, blood vol-
ume, field strength, and pulse sequence) was used. Many 
previous studies have looked at the impact of these 
parameters on transverse signal decay using their pre-
ferred simulation approach (Boxerman, Hamberg, et  al. 
(1995), Martindale et al. (2008), Uludag et al. (2009), etc.). 
However, our emphasis was to explore the mathematical 
differentiations instead of physiological/acquisition differ-
entiations, and our choice of parameters allowed us to do 
so. More specifically, the parameter values in Table 1 were 
chosen to be consistent with typical fMRI studies, that is, 
cortical venous blood volume (2%), venous Δχ, field 
strength (3 T), and pulse sequence (TE = 30 ms for GE, 
TE = 70 ms for SE), allowing for a representative range of 
signal characteristics to be captured, such as GE decay 
and SE refocusing. If additional simulation settings were 
run, we would expect the absolute value of many of the 
simulation results to change, and perhaps some simula-
tions would perform better than with our original settings; 
however, we would not expect wholesale differences that 
would dramatically impact the conclusions drawn. The 
impact of including other simulation parameters, such as 
vessel size heterogeneity and continuously varying blood 
oxygenation—physiological features that VANs excel at 
modelling—is discussed in more detail below.

This study provides a framework for evaluating other 
simulation approaches that were not examined here. 
While we did explore many approaches, there are several 
more equally valid ones that we did not include, for exam-
ple, forcing spins to reflect off of vessel walls rather than 
reseeding their positions when they cross a boundary 
(Dickson et  al., 2010), or more recent rapid simulation 
techniques combining histogram-based ΔB0 calculations 
and deep learning-based diffusion calculations (Coudert 
et al., 2025).

5.2.2.  Intravascular signal modelling

For all techniques considered, the relative error was 
greatest for the IV signal. In reality, the IV signal for all 

approaches was still not physically accurate since uni-
formly magnetized cylinders were used, rather than 
explicitly modelling the fields of individual red blood cells. 
For blood vessels with flows ≳20 mm/s, uniform cylin-
ders may accurately capture the IV and EV signal 
(Boxerman, Hamberg, et  al., 1995; Martindale et  al., 
2008), but more advanced models may be necessary for 
capturing the IV signal from capillaries with slow blood 
flow. For partially deoxygenated venous or capillary 
blood, diffusion and exchange through red blood cells 
decrease the IV T2 (Berman & Pike, 2018), which further 
down-weighs the contribution of the IV signal to the total 
signal, thus reducing the magnitude of the relaxation 
errors imparted by the IV signal. For instance, at 3 T, the 
T2 of 65% oxygenated blood and of EV tissue are around 
50 ms and 75 ms, respectively (Uludag et al., 2009). Thus, 
if our simulations had considered intrinsic T2 decay, there 
would be a slight reduction in the errors in the total 
(EV+IV) signal, impacting the NRMSD, relaxation rates, 
and fingerprinting results. At higher field strengths, T2 is 
considerably shorter in veins than in EV tissue, so we 
would expect an even smaller contribution of the IV sig-
nal to the NRMSD, therefore, potentially permitting more 
flexibility in the choice of simulation approach at ultra-
high fields (Uludag et al., 2009).

While intrinsic T2 decay would reduce the relative mag-
nitude of the IV errors in the total signal, the overall error 
could become much more substantial if CBVs greater 
than 2% were considered. Large blood vessels, compris-
ing the macrovasculature, can occupy much larger frac-
tions of a voxel than 2% and have a considerable influence 
on the spatiotemporal characteristics of the fMRI signal, 
as demonstrated theoretically and empirically (Hyde & Li, 
2014; Menon, 2002; Zhong, Tong, et al., 2024). Therefore, 
studies that attempt to model macrovascular contribu-
tions to the BOLD signal may be more sensitive to the 
specific simulation approach (Zhong, Polimeni, et  al., 
2024). Modelling non-BOLD sequences that have a 
greater relative contribution from IV spins could also be 
more sensitive to these IV-related inaccuracies, for exam-
ple, in functional MR angiography (Cho et  al., 2012) or 
arterial spin labelling with background suppression 
(Germuska et  al., 2019). If inadequate spatial resolution 
was the major source of IV error for some of the approaches 
(e.g., the Fourier-based approaches), then this could be 
improved by simply increasing the resolution, since spa-
tial sampling requirements are typically constrained by the 
microvasculature, not the macrovasculature.

5.2.3.  Choice of reference simulation approach

Finally, all our analyses compared each simulation 
approach with random, infinite cylinders using analyti-
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cally calculated field offsets and Monte Carlo diffusion 
(3D-ANA-MC). The motivations for using infinite cylinders 
for the reference included the wealth of literature and 
experience within the community with using infinite cylin-
ders and the availability of analytical solutions for the field 
offsets with well-understood signal characteristics. How-
ever, we ultimately want our simulations to reflect the sig-
nal induced by realistic vasculature, as in VANs, which 
can more readily capture a range of vascular properties, 
as described above in Section 5.1.4. The challenge with 
VAN-based simulations is that they are currently calcu-
lated with spatial discretization and Fourier-based ΔB0 
calculations, which have known inaccuracies, as dis-
cussed above. Furthermore, it is unclear how results from 
VANs generalize to other brain areas since most VANs, 
including synthetic VANs, are derived from in vivo mea-
surements that are regionally varying. Therefore, VAN-
based simulations may give a more regionally biased 
approximation of signal across the brain, whereas infinite 
cylinder simulations may be more generalizable, albeit 
not perfectly representing signal from any single brain 
area. Building on our results, in future work, we plan to 
further investigate optimal strategies for implementing 
the most realistic VAN-based simulations, accounting for 
the accuracy of the results and the computational 
demands necessitated by the spatial discretization.

6.  CONCLUSIONS

This study has explored the relative agreement of a wide 
range of BOLD signal biophysical simulation approaches 
and compared their computational performance (i.e., 
memory and run time). All simulations were implemented 
in the BOLDsωimsuite toolkit. By incrementally varying 
simulation design choices (see Fig. 3), we were able to 
isolate the changes introduced by the various approaches. 
This work was the first to explicitly show the equivalence 
of the B0 distributions and the near-perfect equivalence 
of the simulation results of the 2D simulation approach 
with random B0 directions per vessel (2D-ANA-MC) com-
pared with the 3D reference (3D-ANA-MC). While most of 
the simulations were in good agreement with the refer-
ence approach, our implementations of the single-vessel 
approach (2D-ANA-MC-1V) and the 3B0 approach 
(2D-ANA-MC-3B0) both had poorer agreement by most 
metrics considered. Finally, we showed that infinite cylin-
ders may be a reasonable approximation of the capillary 
network—as modelled using synthetic VANs—for simula-
tions using vessel radii ≳3 μm. We conclude, therefore, 
that the 3D-ANA-MC reference approach is an attractive 
option for exploratory simulations, balancing ease of 
implementation, accessibility, versatility, computational 
efficiency, accuracy of results, and interpretability.
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